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Abstract. We study the McKay correspondence for representations of the 
cyclic group of order p in characteristic p. The main tool is the motivic in- 
tegration generalized to quotient stacks associated to representations. Our 
version of the change of variables formula leads to an explicit computation of 
the stringy invariant of the quotient variety. A consequence is that a crepant 
resolution of the quotient variety (if any) has topological Euler characteris- 
tic p like in the tame case. Also, we link a crepant resolution with a count 
of Artin-Schreier extensions of the power series field with respect to weights 
determined by ramification jumps and the representation. 



1. Introduction 

The McKay correspondence generally means, for a finite subgroup G of SLd(C), 
an equality between an invariant of the representation G rx C d and an invariant 
of a crepant resolution of the quotient variety C d /G (see 25 ). The aim of this 
paper is to make a step toward the wild McKay correspondence, that is, the McKay 
correspondence for a finite subgroup G C SLd(k) such that the characteristic of a 
field k divides the order of G. We will study the simplest possible case where G 
is the cyclic group of order p. Gonzalcz-Sprinberg and Verdier [13j and Schroer 
[27] also worked on the McKay correspondence in the wild case, but on different 
aspects. 

Our McKay correspondence will be formulated in a similar way as Batyrev's one 
[4] , which is an equality of an orbifold invariant of the G- variety C d and a stringy 
invariant of the quotient variety. Denef and Loeser [llj gave an alternative proof, 
using the motivic integration and giving a more direct link between the invariants. 
We follow this approach with a stacky language by the author [32l [33] . 

Let k be a perfect field of characteristic p > and G the cyclic group of order p. 
In this paper, we will study the McKay correspondence for a finite-dimensional G- 
representation V. If for 1 < i < p, Vi denotes the indecomposable G-representation 
of dimension i, then V is decomposed as V — ®' A=1 Vd x , 1 < d\ < p. We define a 
numerical invariant Dy of V by 



Dy :=£ 



(d x - l)d x 



X=l 



When Dy > p, a stringy motivic invariant of the quotient variety X := V/G, 
denoted M st (X), will be defined in the same way as in [TT] to be some motivic 
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integral over the arc space of X. If X admits a resolution of singularities with 
simple normal crossing relative canonical divisor, then the invariant coincides with 
the one defined with resolution data as in [3] [3] - The following is our main result: 
For a positive integer j with p \ j or for j = 0, we put 

i d x -i . . 

X=l i=l LF 

Theorem 1.1 (Proposition 16.91 and Corollary IBTTi?)) . If Dy > p, then 



M st (X) =h d + 



1 - U>-i-d v 

When X has a crepant resolution Y —> X, the theorem shows that Dy = p and 

p-i 

[Y] =L d +L'^L s - shtv,(s) . 

In particular, Y has topological Euler characteristic p, which is, in characteristic 
zero, conjectured by Reid [35] and proved by Batyrev [J]. We will also define the 
stringy motivic invariant of the "projectivization" [A/G m ] of X and prove that 
it satisfies the Poincare duality, which was originally proved by Batyrev [3] for 
Q-Gorenstein projective varieties with log terminal singularities in characteristic 
zero. 

The proof of Thcorcm ll.ll is based on the motivic integration suitably generalized 
to the quotient stack X := [V/G] and the change of variables formula for the 
morphism X — > X. Following 32, 33 , we will define twisted arcs of X and develop 
the motivic integration over the space of them. A twist of a twisted arc comes 
from an Artin-Schreier extension of k((t)), that is, a Galois extension of the power 
series field k((t)) with Galois group G = Z/(p). Not only there exist infinitely many 
distinct twists, but also they are parameterized by an infinite dimensional space. 
This contrasts strikingly the situation in the tame case, where we have only finitely 
many twists. 

Let JooX be the arc space of X and JodX the space of twisted arcs of X. Then 
the map <p : X —¥ X induces a map </>oo : JooX — > J 00 X 1 which is bijective outside 
measure zero subsets. The change of variables formula for ifi^ will be formulated 

as 

f L F d/i X = f L Fo ^-° rdJac *- s *d^ 

(for details, see Theorem I5.20[) . Here for 7 e JooX, if j is the ramification jump 
of the associated Artin-Schreier extension of k((t)), then 5^(7) ■— shty(j). An 
interesting consequence of Theorem 11.11 is the following: Suppose that k is a finite 
field, and that Y — > X is a crepant resolution. For each finite extension ¥ q /k with 
q a power of p, let N q j be the number of Artin-Schreier extensions of ¥ q ((t)) with 
ramification jump j. Let Eq C Y be the preimage of the origin € A. Then we 
have the following equality (Corollary 16.271 cf. [26]) : 

ti£ (F„) = i + ^ y 4r4r- 
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This result would provide new insight into the link between the singularity theory 
and the Galois theory of local fields. 

The paper is organized as follows. In Section [21 we will construct the moduli 
space of G-covers of the formal disk and study its structure. In Section[3l we proceed 
with the study of twisted arcs and jets, and their moduli spaces. Section[4]is devoted 
to introducing the motivic integration over the space of twisted arcs. Section [5] 
contains the proof of the change of variables formula, which is the technical heart 
of the paper. In Section [51 we will define stringy invariants and conclude various 
versions of the McKay correspondence from the change of variables formula. Finally 
in Section [71 we end with remarks on future problems. 

Acknowledgement 1.2. The author wishes to express his thanks to Masayuki Hi- 
rokado, Yujiro Kawamata and Shinnosukc Okawa for conversations helpful in un- 
derstanding subtle behavior of the compound _Eg-singularity. 

1.1. Convention. Throughout the paper, we work over a perfect field k of charac- 
teristic p > 0. A ring means a commutative fc-algebra. Also every field is supposed 
to contain k. We denote by G the cyclic group of order p, 1>/(p). We fix a generator 
a of G to be the class of 1 G Z. 

2. G-COVERS OF THE FORMAL DISK 

The main objective of this section is to construct the moduli spaces of G-covers 
of the formal disk D := Specfc[[t]]. This will be used in the next section in the 
construction of the moduli space of twisted arcs. 

2.1. G-covers of the formal punctured disk. Let D* := Specfc((f)) be the 
formal punctured disk. We will first examine the set of etale G-covers of D*, 
denoted by G-Cov(D*). It is classified by the etale cohomology group H 1 (D* , G) 
(see [221 page 127]). Then from the Artin-Schreier sequence of etale sheaves, 

O^G^ On* f,:f ^ f "~ f ) O d , ->• 0, 

we have 

H\D*,G) = cokcr(ff (C> D .) A H q {O d ,)). 
Consequently we have the 1-to-l correspondence 

G-Cov(ZT) o fffW, . 

?(*((*))) 

More explicitly, this correspondence is described as follows: For a ring A and / 6 A, 
we define a ring extension 

(u p -u+ f) 

endowed with the G-action by u{u) = u + 1. Then the G-cover corresponding to 
the class of / € k{(t)) is 

E) ^Specfc^Mp- 1 /]. 
Next we will describe the set k((t))/p(k((t))). Given / £ k((t)), we denote by fi 
the coefficient of t % in / so that / = X^iez with fi=0 for i<0. 

Lemma 2.1. We have p(k[[t]]) = p(fc)-l®fc[[i]]-i. In particular, ifk is algebraically 
closed, then k[[t]] = p(k[[t]]). 
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Proof. For / G k[[t}], we have 

p\i p\i 

Hence C p(k) ■ 1 © k[[t]] ■ t. For the converse, let g G p(fc) • 1 © k[[t]] ■ t. Then 

we can inductively choose the coefficients fa of / such that p(f) — g as follows: 
First put fo — p go- If we have chosen fa, fa,. .. , fa-i such that p(/) = <? mod f, 
then we set either fa := — g.; or fa := f?, p — gi depending on whether p divides i. 
This shows the first assertion. The second assertion follows from the fact that if k 
is algebraically closed, then p(k) = k. □ 

Notation 2.2. We put N' := {j G Z | j > 0, p \ j} and N„ := N' U {0}. 

Lemma 2.3. For f G k((t)), there exists g — X^gN' 9-i^ % e C k((t)) such 

that f — g G p(k((t))). Moreover such gi, i < 0, are uniquely determined and the 
class of g Q in k/p(k) is also uniquely determined. 

Proof. From the preceding lemma, we may eliminate the terms of positive degrees 
in / and assume that fa = for i > 0. Let pi (i > 0) be the largest multiple of 
p such that f-pi ^ if any. Then replacing / with / — p(f]/ p P i t~ i ), we get that 

f-pi = without changing fa for i < —pi. (Since k is perfect, f_£ exists in k.) 
Iterating this procedure, we eventually get a polynomial g of the desired form. 

For the uniqueness, let g' G have the same property. From the conditions 

on g and g 1 , we have either h := g — g' G k or — ord/i G N'. However we have 
h G p(k((t))) and every element of p(k((t))) of negative order has order — pn with 
n a positive integer. Thus we conclude h G p{k). This shows the uniqueness of the 
lemma. □ 

Definition 2.4. Let A be a ring. A representative polynomial over A is a Laurent 
polynomial of the form 

/= £/-i* -i e Air 1 }, /_{ g A 

»eN' 

We note that there is no constant term. We denote by RPa the set of representative 
polynomials over A. 

Lemma T2.3I shows the following: 

Proposition 2.5. We have a one-to-one correspondence, 

G-Gov(D*) «-> RPfc x — -. 

In particular, if k is algebraically closed, then 

G-Cov(ZT) O RP fc . 

Definition 2.6. Let A: be the algebraic closure of k. We say that E*,E% G 
G-Cov(D*) are geometrically equivalent and write -E^ ^g C o E% if their complete 
base changes Elxk and E^Xkk are isomorphic G-covers of D*Xkk = Spec fe ((£)). 

Obviously 

G-CovOD*)/~ gco oRP fe . 
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If k is a finite field, then k/p(k) has p elements. Hence the quotient map 

G-Cov(ZT) -> G-Cov(ZT)/ ~ gco 

is a p-to-1 surjection. 

Definition 2.7. We say that E* E G-Cov(Z)*) is representative if E* is isomor- 
phic to Ef for / E RP/c- We denote the set of representative G-covers of D* by 
G-Cov rop (D*). 

By construction, we have: 

Proposition 2.8. The composition 

G-Cov rcp (zr) «-> G-Cov(L>*) -» G-Cov(D*)/ ~ gC o 

is bijective. Moreover the right map is p-to-1 if k is a finite field. 

2.2. The stratification by the ramification jump. The spaces G-Cov(Z)*), 
G-Cov(Z)*)/ ^ g co and RP/c are all infinite-dimensional. We will construct strat- 
ifications of them with finite-dimensional strata, which will help to control these 
spaces. 

We say that E* E G-Cov(D*) is trivial if E* is the disjoint union of p copies of 
D* , equivalently if E* corresponds to by the correspondence in Proposition 12.51 
For a non-trivial E* E G-Cov(D*), let E be the normalization of D := Spec &[[*]] 
in Oe* and mg the maximal ideal of Oe- Then G acts on Ob/ib^ for all i E N. 

Definition 2.9. The ramification jump of E* (and of E), denoted by rj(_E*) = 
tj(E), is defined as follows. If E is unramified over D, then we put rj(.E) = 0. 
Otherwise rj(E) is the positive integer j such that the G- action on Oe/w-e 1S 
trivial if i < j + 1 , and non-trivial if i > j + 20 We thus have a function 

rj : G-Cov(L>*) ^ Z> . 

Proposition 2.10. Let / E k((t)). Suppose j := — ord/ E Nq. fTn particular, we 
can take f as a representative polynomial.) By convention, if f = 0, then we put 
j = 0. Then rj(Ej) = j. In particular, the function rj takes values in N' . 

Proof. Let L := O b * = fc((t))[p" 1 /] and g := p~ l f E L. If j = 0, then O e * is 
isomorphic to the product of p copies of k((t)) or to k'((t)) for an Artin-Schreier 
extension fc'/fc. Hence the assertion holds. Next we suppose j > and write 
j = pq — r, where <7 and r are integers with 1 < r < p — \. If«L denotes the 
normalized valuation on L, then 

= - j = -pq + r. 

Let I E {1, 2, ... ,p — 1} be such that = pc + I for some non-negative integer c . 
Since 

VL(t lq ~ c g l ) =p(lq - c) - Ij = (Ipq-pc) - lpq + pc+ 1 = 1, 
s := tf q ~ c g l is a uniformizer of L. We now have 

cr(s) = t^ c (.g + I)' = t i<z ~V + lt lq - c g 1 - 1 + (higher degree terms). 
Therefore 

cr(s) — s — lt lq ~ c g l ~ 1 + (higher degree terms) 



Since Oe* /k((t)) is a cyclic extension of prime degree, the ramification jump is unique and 
equal in both lower and upper numberings. See for instance [301 Section 2]. 
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and 

v L (a(s) - s) = p(lq - c) + (I - l)(-pq + r) 

= p{lq — c) — Ipq +pc + 1 + pq — r 
= pq — r + 1 

= 3 + 1. 

This proves the proposition. □ 

For j e Nq, we set 

G-Cov(D*,j) := {E* E G-Cov(D*) \ rj(£*) = j}, 
G-Cov rop (L>*,j) := {E* £ G-Cov rcp (L>*) | rj(E*) = j}, and 
RPkj :={/GRP fe |ord/ = -j}. 

Proposition 2.11. For j € W, we have 

G-Cov Icp (D*,j) o G-Cav(D*,j)/ - gco o RP fcj o fc* x fcf-i-li/pJ. 

-ffere [ - J denotes the floor function, which assigns to a real number a the largest 
integer not exceeding a. 

Proof. The left and middle correspondences are clear. We note that 

${i e N' I i < ]} = j - \j/p\ . 
The right correspondence sends J2ieW,i<j 9-i^\ 9-j ^ to (g^i) i&i i ti< j. □ 

Thus for instance, the infinite-dimensional space G-Gov lcp (D*) admits a strati- 
fication 

G-Cov rop (L>*) = |J G-Cov rcp (Z3*,j), 

whose strata are all finite-dimensional. 

For later use, also we define G-Cov(£>*, < j) := \Jj/<j G-Cov(D* , j') and simi- 
larly for G-Cov rop (£)*, < j) and RP k ,<j. Then 

G-Cov rcp (ZT , < j) o G-Cov(ZT , < j)/ ~ gco o RPfc,<j <H- jfeJ-L»/fJ . 

2.3. Moduli spaces of G-covers of D*. Harbater [T71 Sec. 2] constructed the 
coarse moduli space of G-covers of the formal disk D = Spec k[[t]] when k is alge- 
braically closedjj He also illustrates with an example why the moduli space cannot 
have a universal family (Ibid, Remark 2.2). Since we would like to still have a 
"universal family" and work over a non-algebraically closed field, we will take a 
different approach. 

In view of his example, to have a universal family, it seems that we need an 
additional structure on G-covers. We will take representative polynomials as such 
a structure, or rather consider the moduli space of representative polynomials. 

For each j, the functor 

{affine fc-scheme}— > {set}, Spec A i-> RPA,<j 



Precisely he constructed the coarse moduli space of pointed principal G-covers. In our case 
where G is abelian, it is equal to the coarse moduli space of unpointed principal G-covers. 
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is obviously represented by a scheme isomorphic to , which we denote by 

RPfe <j. Explicitly we can write its coordinate ring as 

B<j := k[xi | i G N', i < j]. 

Then the identity morphism of KPk,<j corresponds to the universal representative 
polynomial, 

j'£W,j'<j 

For ji < j 2 , we have a canonical closed embedding RP^x^ =— > RPfc<j 2 . 
Then the functor 

{affine fc-scheme}— s> {set}, Spec A RP^ 

is represented by RPfc := \J- RPfc<j in the sense that for each afhnc fc-scheme 
Spec A, 

RP A <-> {<t> G Hom(SpccA,RP fe ) | 0(SpecA) C RP fe ,<, (j > 0)}. 

In particular, for a field if, we have RPk o RPfe(_ftT). The identity morphism of 
RP/t does correspond to not a representative polynomial but a representative series 

.rr : "• 

Definition 2.12. A representative family of G -covers of D* (of ramification jump 
< j) over an affine scheme S — Spec A is an etale G-torsor over SxD* which is 
isomorphic to Spec A((i))[p -1 /] with / <E RPa (/ £ RPa,<j)- We denote the set of 
isomorphism classes of those families by G-Cov rop (L»*)(S') (G-Cov rop (D* , < j)(S)). 

The functor 

{affine fc-scheme} — > {set} 

5 i ^ G-Cov rcp (L>*,<j)(S*) 

is represented by a scheme canonically isomorphic to RP^^j, which is denoted 
by G-Cov rop (Z)*, < j). We have the universal family of representative G-covers of 
ramification jump < j: 

E*^ nW := Spec B^mp-^f^} 



SpecB<j((t)) 



SpecB<j = G-Cov rop (L>*, < j) 

We define 

G-Cov rop (.D*) := |J G-Cov rop (i}*,< j). 

This represents the functor S M> G-Cov rep (D* )(,!?) in the same way as RP& rep- 
resents Spec A M> RP^. In particular, for a perfect field K, we have a one-to-one 
correspondence 

G-Cov rep (£>*)(#) = G-Cov rep (£>*x fe K) o G-Cov(L>* x k K)/ ~ goo . 
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The universal family E^ univ over G-Cov rop (L>*) is denned as the union of E^J mv . 

Putting RPfcj := RP/i l <j\RPit 1 <j_i, we have a stratification RP& = RPy. 
Similarly we have G-Cov 1 '° p (L>*) =~\_\ j G-Cov rcp (L>*, j). Then for j > 0, 

(2.1) RP fcj S G-Cov rcp (zr, * G m x A£~ 1_lj7pJ . 

For a ring A, the A-points of RPfcj corresponds to 

RPa,j := {/ 6 HI',. , | /, G A*}. 

2.4. The stratified moduli space of G-covers of the formal disk. What 
we will really need is the moduli space of (ramified) G-covers of the formal non- 
punctured disk D = Specfc[[t]]. A G-cover of D means the normalization E of 
Specfc[[f]] in a G-cover E* —> D* . If exists, such a moduli space should bijectively 
correspond with the moduli space of G-covers of D* at the level of points. The 
author does not know so far if such a moduli space exists. Instead we will construct 
strata of the hypothetical moduli space, which are sufficient for application to the 
motivic integration. 

We define G-Cov rcp (L>, j) to be G-Cov rcp (L>*, j) endowed with a different uni- 
versal family constructed as follows. The coordinate ring of this moduli space is 
Bj := B<j[xJ ]. Then the universal family of G-Cov rep (Z?*, j) is written as: 

E*^ iv := SpecB J ((t))[p- 1 / J univ ] Spec £,((;)) G-Cov rcp p*, j). 

Let g := p" 1 /j mlv e Bj^t))^- 1 ff niv ]. With the notation in the proof of Propo- 
sition we P u ^ s '■— t lq ~ c g l . Then s is a uniformizer on each fiber of the 
projection £*> univ -> G-Cov rcp (L>*, j). We define C 3 to be the S 3 [[t]]-subalgebra 
of Bj((t))[g] generated by s. Then SpecG-, — > Spec Bj [[t\] is a family of G-covers of 
D over G-Cov rcp (L>*, j). 

Definition 2.13. We define the moduli space of representative G-covers of D of 
ramification jump j, denoted by G-Cov lep (Z?, j), to be SpecBj with the universal 
family 

Ej niv := SpecG 3 -> SpecB^t]] -> G-Cov rep (£>,.?')• 

2.5. Details of the G-actions on Oe* and 0£. Let ^ / S RP& be a repre- 
sentative polynomial of order —j. Let -E and E* the corresponding G-covers of D 
and D* respectively, and let g — p _1 / G Op. Then Ob* has a basis 1, 5, ... , g p_1 
over k((t)). 

Notation 2.14. In what follows, for a ring or module M endowed with a G-action, 
we denote by S the fc-linear operator a — idjw on M. For a 6 N, we denote by 
Af 5Q=0 the kernel of 6 a : M -> M. 

Sometimes it is more useful to use <5 rather than a in order to study G-actions. 

Lemma 2.15. For any integer i with 1 < i < p — 1 and for any 0^/i£ fe((t)), we 
ftai>e 5 % (g l h) ^ artrf <P +1 (<? l /i) = 0. Therefore, for each integer a with < a < p, 
we have 

a-1 

0&=°=0 *((<))•$*. 
i=0 
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Proof. We will prove this by induction on i. For i = 1, since <j(g) = g + 1, we have 
<5(.g/i) = h(a(g) — g) = h and 5 2 (gh) = 5(h) = 0. For i > 1, we have 

ct(<A) = % + I)'' = % l + + • • • + i9 + 1) 

and 

(2.2) S(<A) = /i(i<r 1 + -..i« 7 + l). 

Applying S 1 ^ 1 and (5* to this, we obtain the lemma. □ 
Corollary 2.16. We have 

o E = n k -^ tn - 

0<i<p 
— np>() 

Moreover for each integer a with < a < p, we have 

o 5 E a =°= n k -9 ijn - 

0<i<a 
— ij+np>0 

Proof. Let v be the normalized valuation on Oe'- Then v(g l t n ) = —if + np. For 
every non-negative integer r, there exists a unique pair (z, n) of integers such that 
< i < p and r = —ij + np. This proves the first assertion. Then the second follows 
from the preceding lemma. □ 

Corollary 2.17. For h G Oe with p \ VE(h), we have VE(S(h)) — VE(h) + rj(E). 
Here ve denotes the normalized valuation of Oe- 

Proof. We can write h as a /c((i))Tinear combination of g l , < i < p. Then the 
corollary follows from equation (|2.2j) . □ 

3. Twisted arcs and jets 

To a G-representation V, we will associate the quotient stack X — [V/G] and 
the quotient variety X = V/G. The McKay correspondence follows from the change 
of variables formula of motivic integrals for the morphism X — > X. To obtain the 
formula, we need an almost bijection between the arc spaces of X and X. However 
general arcs of X lifts to X not as ordinary arcs but as twisted arcs. In this section, 
we will construct the spaces of twisted arcs and jets, and examine their structures. 
Our use of stacks is not really necessary. However it put everything on an equal 
footing in the framework of the birational geometry of stacks. 

3.1. Ordinary arcs and jets of a scheme. Let X be a variety, that is, a sepa- 
rated scheme of finite type over k. An n-jet of X is a morphism Spec fc[[i]]/(i™ +1 ) — > 
X. There exists a fine moduli scheme J n X of n-jets of X, called the n-jet scheme 
of X. Thus, for a ring A, 

(J n X)(A) = Rom(SpecA[[t}}/(t n+1 ),X). 

There is a natural morphism J n X — > X. Also for n' > n, we have a truncation 
map J n 'X — > J n X. The projective limit, JooX :— lim J n X , is called the arc space 

n— >oo 

of X. For every field K, 

(JooX)(K) = Hom(SpecX[[t]],X). 
We denote the truncation map JooX — > J n X by ir n . 
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3.2. A G-representation. From now on, we denote by V a d-dimcnsional G- 
representation and suppose that V is decomposed into indecomposables as 

i i 
v = ®V dx (1 < d x < p,Y,dx = d), 

A=l A=l 

where V a denotes the unique indecomposable G-representation of dimension a. We 
suppose that V is non-trivial, that is, (c?i, . . . , di) ^ (1, . . . , 1). 
We denote the coordinate ring of the affine space V by 

fc[x] = k[x Kl | 1 < A < I, 1 < i < d x ] 

and fix the G-action on it by: 

U + d x ) 
(.1 = dx) 



cr(x\,i) = 
This is equivalent to saying that: 

5{x x .i) 





(i + d x ) 
(i = d x ) 



Most arguments below can be reduced to the case where V is indecomposable. 
In that case, I = 1 and d\ = d. Then we simply write Xi = x\^. 

3.3. G-arcs and jets. For 0^/6 RPfc, w e define E^ n to be Spec0 B/ /m^f +1 , 
which is a closed subscheme oiE } . Since k[[t}}/ (t n+1 ) C (0 E /m p ^ f +1 ) G (the equality 
does not generally hold), we have a natural morphism 

Ef, n -> D n :=Specfc[[i]]/(i" +1 ). 

If / = 0, then Ef has p connected components and each component is identified 
with D via the projection Ef —>£>:= Spec In this case, we just define -E/, n 
to be the disjoint union of p copies of D n . 

Definition 3.1. We define a G-arc (resp. G-n-jet) of V as a G-equivariant mor- 
phism Ef — > V (resp. Ef <n — > V) for some / e RPfc. More generally, for / S RP^j, 
let Ef — > Spec A[[i\] be the corresponding G-cover and let Ef tTl C Ef be as above. 
Then we define a G-arc of V of ramification jump j over A as a G-equivariant 
morphism Ef — > V. Two G-arcs over A are regarded as the same if the associated 
representative polynomials are the same and the morphisms are the same. Similarly 
for G-n-jcts. (If / ^ /', then two G-n-jets Ef_ n — > V and Ef>, n — > V must always 
be distinguished, even when there is an isomorphism Ef^ n = Efi >n compatible with 
morphisms to V and D n .) 

Lemma 3.2. For any ring B endowed with a G-action, we have a bijection: 

i 



{G-equivariant ring map fc[x] — > B} — > JT B 6 



A=l 

a i ^ (a(xi^), ... ,a(xi tl )) 

Proof. Let a : k[x] — > B be a G-equivariant ring map. Then for every A and i, we 
have a(5(xx,i)) — 6(a(xx,i))- In particular, a(x\^) = S l ~ 1 (a(x\.i)) and S dx (x\ t i) = 
0. This shows that a is determined by a(x x ,i), 1 < A < I and the map of the lemma 
is well-defined. 
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Conversely if (fi, •••,/;) G Yl\=i B s A=0 is given, then we define a ring map 
a : fc[x] — > B by a(x\.i) — 5 1 ~ 1 (f\). We can easily see that a is the unique G- 
euqivariant ring map with a{x\ t i) — f\. Hence this construction gives the inverse 
map. □ 

Proposition 3.3. For each < n < oo and for each j E Nq, there exists a fine 
moduli scheme J^jV °f G-n-jets of V of ramification jump j. 

Proof. We prove this only when V is indecomposable. We first consider the case 
j > 0. From the preceding lemma, for a fixed /, G-n-jets Ef — > V correspond to 
elements of (O^ / /m^ +1 )' 5d=0 . With the notion as in section 12751 we have 

Ef /m7 f +1 = k-Wn 



0<i<p 
0< — ij-\-np<np 



Then (Oe s /tn^? +1 ) <5£!=0 is the linear subspace generated by the elements g l t n from 
the basis such that either i < d or —ij + np + dj > np. If we denote by v n ^j the 
dimension of the subspace, then G-n-jets are parameterized by k Vn,i . This argument 
can apply to families, in particular, to the universal family over G-Cov Iop (D, j). 
With the notation from Section [2741 let rrij C Cj be the ideal generated by s. Then 
G-n-jets over G-Cov rcp (L>, j), 

S P ccG J /m7 +1 ->V, 

correspond to elements of (Gj/mJ p+1 )' 5 =0 , which is isomorphic to Bj nj as a Bj- 
module. This shows that the desired moduli space J®jV is isomorphic to A fc n ' 3 x 

The case where j = is easier. Then / = and i?o,n is the union of p-copies 
of D n . We fix one connected component of E 0n , identify it with D n and write 
D n » -Eo.ri- Then a G-n-jet E 0n — > V is uniquely determined by its restriction to 
D n . Conversely, an ordinary n-jet D n — > V uniquely extends to a G-n-jet E n — > V. 
Therefore we can identify J^qV with J n V. □ 

Proposition 3.4. The following hold: 

(1) For every n and j, jV — A™ x G-Cov Iop (£), j) for some m. 

(2) For n = 0, J^V = x G-Cov rcp (L>, (j S N') and J G V = Ag. 

(3) for n' > n, truncation maps J G -V — » J„jF are induced by a (not neces- 
sarily surjective) linear map A™ — > A™. 

Proof. The assertions follow from the proof of the preceding proposition. □ 

Now the space of G-arcs of ramification jump j, denoted J G jV, is constructed 
as the projective limit of J^jV, n € Z>o- Hence it is isomorphic to (flti ^i) x 
G-Cov rcp (£>, j). Let 7T„ : J^jV -> J^jV denote truncation maps. 

Corollary 3.5. For < n < oo, 

fT G jAf'xG-Cov^fDjl O'eN') 

KnV^jV) - | A („ +1)d (i = Q) 

Moreover the truncation map 7r n+ i( J G -V) — > 7r„( J g -V) is a trivial fibration with 
fiber Af. 
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Proof. The case j = is obvious from J„ qV — J n V. For j > 0, with the notation 
as in the proof of Proposition 13. 3[ G-n-jets in 7r ra ( jV) corresponds to elements 
of the linear subspace of generated by gH n 's with i < d. This shows 

the first assertion. The second assertion follows from the first. □ 

Definition 3.6. For < n < oo, we put J^V := Uj>o ^n,j^' (Here for each j, 
JnjV i s a connected component of J^V.) 
The following is obvious from the definition: 

Corollary 3.7. Truncation maps w n +l{J^V) — > TT n (J^V) is a trivial fibration 
with fiber Af. 

3.4. Twisted arcs and jets. Let X be the quotient stack [V/G\. For an alge- 
braically closed held K and for a representative polynomial / G RP^-.j, we set 

V f := [E f /G] and V Ln := [E f , n /G\. 

Definition 3.8. We define a twisted arc (resp. twisted n-jet) of X over K as a 
morphism 

V f -> X (resp. V f>n -t X) 
which is induced from a G-arc Ef — > V (resp. G-n-jet Ef :Tl — > V). We say that 
two twisted arcs 7 : T>f — > X and 7' : 2?/' — ► X (over i^) are isomorphic if / = /' 
and if two morphisms 7,7' : P/ =4 Af are 2-isomorphic. (Recall that stacks form a 
2-category and hence morphisms between two stacks form a usual category.) 

Clearly twisted arcs (jets) are closely related to G-arcs (jets). To each G-arc 
7 : Ef — > V, we can associate a twisted arc 7 : T>f — > X. Conversely given a 
twisted arc T>f — > X, then there exists a G-arc Ef —> V whose associated twisted 
arc is the given one. 

Proposition 3.9. The set of twisted arcs of X over an algebraically closed field K 
is in one-to-one correspondence with (J^V)(K) /G in such a way that the class of 
7 G (J^V)(K) corresponds to 7. Here G acts on J^V by (7(7) :— 7 o a = a o 7. 
Similarly the set of twisted n-jets of X over K is in one-to-one correspondence with 
(J%V)(K)/G. 

Proof. Let 7^ : Ef — y V (i = 1,2) be G-arcs such that 7 := 71 = 72. We have 
to show that 71 and 72 are in the same G-orbit. Let E := Vf x^ t x V. Then for 
each i, there exists an isomorphism a, : Ef — >• E which fits into the following 
2- commutative diagram: 




Then 72 = 71 ° a^ 1 o a 2 . For G-n-jets, the corresponding assertion holds. What 
remains is to show that a^ 1 o ai — r for some r G G. This will be done in the 
following lemma in a more general setting. □ 

Lemma 3.10. Let U be a G-scheme and [U/G] the quotient stack with the natural 
morphism a : U — > [U/G]. Suppose that ft : U — > U is an isomorphism such that 
j3 o a and a are isomorphic. Then f3 = r for some r G G. 
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Proof. Let m : G x U — > U be the morphism defining the G-action and tt : G x U — > 
U the projection. From the definition of quotient stacks, there exists a G-equi variant 
isomorphism e : G x U — > G x U making the following diagram commutative: 




U GxU 




Suppose that e maps {1} x U onto {r} x U. If e' denotes the restriction of e to 
{1} x U and if we identify {1} x U and {r} x U with U, then we have the commutative 
diagram: 



U >-U 



This shows that /? = 




Definition 3.11. We define the space of twisted arcs and twisted n-jets of X as 
the quotient schemes 

JooX := (JgV)/G and J n X := (J°V)/G. 

Then for < n < oo, we write J n X = Ujgn' JnjX, where the subscript j indicates 
ramification jumps. We define the function 

rj : J n X -> Nq 

by rj(7) := j for 7 6 J nj <Y. 

Remark 3.12. The genuine moduli spaces of twisted arcs or jets must be constructed 
as stacks as in }33: . 

Definition 3.13. A morphism / : Y — > X of varieties is called a universal homeo- 
morphism if one of the following equivalent conditions holds: 

(1) / is finite, surjective and universally injective. 

(2) For every morphism X' — > X of schemes, the induced morphism YxxX' — > 
X' is a homeomorphism. 

We say that two schemes of finite type are universally homeomorphic if there exists 
a universal homeomorphism between them. For instance, see |24) for more details. 

If T is a G-variety and S C T is a G-stable closed subvariety, then the map 
S/G — > T/G is not a closed embedding but only a universal homeomorphism onto 
its image. This is why this notion is necessary below. 

We note that the G-action on J^V = Af x G-Cov rop (D, j) is trivial on 
G-Cov lep (D, j) and linear on AJ™. Indeed the linearity follows from the proof of 
Lemma 12.151 Hence we have the following fact which is essential to define the 
motivic measure on J X X below. 
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Corollary 3.14. Every geometric fiber of the truncation ir n +i{JooX) — > ^n(JooX) 
is universally homeomorphic to the quotient of by some linear G '-action with K 
an algebraically closed field. Moreover 



A 1 x G-Cov rep (D,j) (jeN') 
V/G (j = 0). 



3.5. Push-forward maps for twisted arcs and jets. Let X := V/G be the 

quotient variety. Let (f> : X — > X and ip : V — > X be the natural morphisms. For a 
twisted arc V — > X, taking the coarse moduli spaces, we get an arc D — > X. This 
defines a push-forward map 

We can see that this is actually a scheme morphism as follows. Let the solid arrows 
of 

E *-V 

I 

1 1/> 
Y 

Dxj£y-->~x 



J G V 

be the universal family of G-arcs. Then there exists the dashed arrow a which 
makes the whole diagram commutative. This morphism a is a family of arcs of X 
over J^V. From the universality of JooX , this induces a morphism J^V — > JooX. 
Then we easily see that this factors through J^X — (J^V)/G, and obtain the 
desired morphism J^X — > JooX. 

Notation 3.15. From now on, for 7 in JooX or J^X, we denote by j n its truncation 
at level n: j n — 7r„(7). 

Let 7 : V — > X be a twisted arc and 7„ : V n ^ T> — V X its truncation at level n. 
Then we have an arc (p^f : D — > X and its truncation at level n, ((f>ooj)n ■ D n 
D — > X. This n-jet of X is depends only on 7„, hence we have a push-forward map 

4>n ■ Tr n (JooX) J n X, 7„ I y {4>ool)n- 

We easily see that this is a scheme morphism and compatible with truncation maps. 

Remark 3.16. Unlike the tame case, we do not have a map J n X — > J n X. It is 
because D n is not the coarse moduli space of T> n . 

Let V G C V be the fixed point locus and y := [V G /G] C X. Since we have 
supposed that V is non-trivial, <p is proper and birational. Then y is the exceptional 
locus of 4>. We define Jo^y to be the subset of JooX consisting of those twisted 
arcs factors through y. Let Y C X be the image of y. Then the arc space JooX of 
Y is regarded as a subscheme of JooX. 

Proposition 3.17. The map 

0OO : \ Jo^y — ^ JooX \ J00Y 

is bijective. 
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Proof. We will show that 7 £ J00X \ Jooy can be reconstructed from 7 :— 0*7. 
Let E* — Y D* be a G-cover obtained as the base change of V — > X by 7|d*. If E 
is the normalization of D in then the morphism E* — > V uniquely extends to 
E — > V, thanks to the valuative criterion of properness. This is a G-arc and induces 
a twisted arc V :— [E/G] — > X . Now it is straightforward to check that this twisted 
arc is isomorphic to 7. □ 



In this section, we will introduce the motivic measure on the space of twisted 
arcs and define integrals relative to this. Mostly we will just repeat materials from 
the literature [31 [TU1 [TTJ HH] with a slight modification. 

4.1. The Grothendieck ring of varieties and a variant. Let Var^ denote the 
set of isomorphism classes of fc-varieties. The Grothendieck ring of varieties over 
k, denoted K (Vaik), is the abclian group generated by [Y] 6 Varfe subject to the 
following relation: If Z is a closed subvariety of Y, then [Y] = [Y\Z} + [Z] . It has a 
ring structure where the product is simply defined by [V][.Z] := [Y x Z]. We denote 
by L the class [Aj,] of the affine line. 

For our purpose, we also need the following relation: 

Condition 4.1. Let / : Y — > Z be a morphism of varieties. If every geometric fiber 
of / is universally homeomorphic to the quotient of A^- with K an algebraically 
closed field by some linear G-action, then [Y] = L™ [Z] . 

Definition 4.2. We define ifg(Varfe) to be the quotient of ifo(Varfc) by posing 
Condition UTTI 

Let A be an abelian group and let \ '■ Var/j — > A be a map satisfying the 
following property: For every variety Z and every closed subvariety Y C Z, x(Z) = 
x(Z \ Y) + x(y). (Such a map is called a generalized Euler characteristic.) Then 
there exists a unique group homomorphism 



through which \ factors. Additionally, suppose that for every morphism / : Y — > Z 
as in Condition 14. 11 x(X) ~ x(&k)x(Z) ■ Then there exists a group homomorphism 
ifo(Varfc) — > A which fits into the commutative diagram: 



4. Motivic integration 



X (Var fc ) A 



Var fc 




The maps ^(Varfc) — ^ A are ring maps if A is a ring and if x(Y)x(Z) — x{Y x 
for any Y and Z. 



4.2. Various realizations. 
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4.2.1. Counting rational points. In this paragraph, we suppose that A; is a finite 
field F q . Then for a finite extension F q /k, associating to a variety X the number 
of F g -points jjX(F g ), we obtain a map 

ft, : Var fc -> Z, X ^ ftX"(F g ). 

This is a generalized Euler characteristic and defines 

tt 9 :K (Var fc ) -> Z. 

Let fc be a fixed algebraic closure of fc. For a variety Y over fc, we denote by 
Yjr, the variety over k obtained from Y by extension of scalars. Then, fixing a 
prime I ^ p, we write (compactly supported) Z-adic etale cohomology groups as 
H\Y- k ) = i/ l (r fc ,Q ; ) and F«(Y g ) = J£(Y S ,Q,)- 

Lemma 4.3. For a G -representation V of dimension d, we have isomorphisms of 
Gal(fc / fc) -representations: 



Hi((V/G)- k ) - H' c (Vt) = 



(* = 2d) 
(otherwise) 



Proof. In this proof, we omit the subscript k. Let W := V G C be the fixed point 
locus and U :— V \ W. From the exact G-equivariant sequence 

(4.1) ...-»■ Ht(U) H l c (V) -> flj(W) -> ^ +1 (C/) -»-..., 

we have equivariant isomorphisms 

f H l c (V) (t = 2d) 
flj(l7) S ^ fl^-^W) (i = 2dimW+l) 
I (otherwise) . 

We claim H l (U/G) = H l (U) G . Indeed since £/ — > t//G is an etale Galois covering, 
we have the Hochschild-Serre spectral sequence [2H page 105, Theorem 2.20], 

W(G,W(U,Z/l n )) =► H t+ i{U/G,Z/l n ). 

Then since §G = p ^ I, the group cohomology groups H % (G,H 3 ' (U k ,Z/l n )) vanish 
for i ^ and the spectral sequence degenerates. Hence for each j, 

H j (U,Z/l n ) G = H j {U/G,Z/l n ). 

Then passing to the limits and tensoring with Qj, we can show the claim. 

Now, since the G-action on H^ dlmW (W) is trivial, from the Poincare duality, 
we have H l c (U/G) = H l c (U) for every i. Let W C V/G be the image of W. Then 
the map W — » is a universal homeomorphism and hence if*(W) = H % JW) (see 
for instance [24] ) . From the five lemma, the long exact sequence 

> K(U/G) -> H l c {V/G) -> -> H" C +1 (U/G) -> • • • 

is isomorphic to (|4.ip . In particular H l c (V/G) = H l c (V) for every i. The lemma 
follows again from the Poincare duality. □ 



Lemma 4.4. Let f : Y Z be a morphism as in Condition \4-l\ Then 
an isomorphism of Gal(fc/fc) -representations, 

W c (Y k ) = W c (Z- k )®Q(-n). 
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Proof. From the preceding lemma, we have 

I (otherwise) 
which proved the lemma. □ 
Proposition 4.5. The map jj 9 factors through K^VaXf.)- 

Proof. This follows from the preceding lemma and the Lefschetz trace formula. □ 

4.2.2. Poincare polynomials. If k is a finite field, then the Poincare polynomial of 
a smooth proper variety X is 

P(X;T) = J2{-l) l bi(X)T l G Z[T]. 

Here bi(X) — A\mH l (X^.). Following Nicaise [23 , Appendix], we generalize this to 
any variety over any field. Indeed there exists a map 

P:K (Var fe ) Z[T] 

and for a variety X, we simply write P([X}) as P(X). Making the variable T explicit, 
we also write it as P(X;T). Two important property of the generalized Poincare 
polynomial are as follows: Firstly, for a variety X, the degree of P(X) equals twice 
the dimension of X. Secondly, P(X; 1) equals the topological Euler characteristic 

e top (X) :=^dim^(X £ ). 

i 

Proposition 4.6. The map P factors through K^Vaik). 

Proof. Let / be a morphism Z — >• Y as in Condition 14.11 We need to show that 
P(Z) = P(Y)T 2n . Let A C k be a finitely generated F p -subalgebra such that 
/ is obtained from an A-morphism f a ■ Za Ya by extension of scalars. Let 
a : SpecF ? — > Spec A be a general closed point. Let Y a be the fiber of Y — > Spec A 
over a and similarly for Z a . Then from [23 , P(Y) = P(y„) and P(Z) = P(Z a ). 
Moreover P(Y a ) is computed from the weight filtrations on Hl(Y a Xf ¥ q ). Similarly 
for P{Z a ). From Lemma l4~4l 

P(Z) = P(Z a ) = P(Y a )T 2n = P(Y)T 2n . 

This proves the proposition. □ 

4.3. Localization and completion. We need to further extend our modified 
Grothendieck ring i^Q ( Varfe ) . First consider its localization by L, M! :— ii^Var/^pL -1 ] 
Then we define its dimensional completion M! as follows. Let F m A4' be the sub- 
group of M' generated by [X]L l with dimX + i < -m. Then {F m M'} me z is a 
descending filtration of M! . We define 

M' := ]haM'/F m M'. 

This inherits the ring structure and the filtration from M! . For later use, we define 
a norm ||-|| on M! by 

ll-H :M' -> M> 

a i ^ ||a||:=2- n , 

where n :— sup{m | a G F' m M'}. 
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The map P : K^(Va,r k ) -> Z[T] extends to 

In this paper, every explicitly computed element a £ A4 7 is a rational function in L 
with integer coefficients. Then we define its topological Euler characteristic, e t0 p(a), 
by substituting 1 for L. Similarly, if k is a finite field, then for a finite extension 
Fg/fc, we define § q (a) be substituting q for L. 

4.4. Motivic integration over a variety. We briefly review the motivic integra- 
tion over singular varieties. The original reference for the theory in characteristic 
zero is [10] . For the positive characteristic case, see [28] . 
Let X be a reduced k- variety of pure dimension d. 

Definition 4.7. A subset C C JooX is called a cylinder if for some < n < oo, 
7r n (C) C J n X is a constructible subset and C — n^ 1 (% n (C)) . A subset C C JooX 
is called stable if for some < n < oo, n n (C) C J n A is a constructible subset and 
for all n' > n, the map 7r n / + i(C) — > 7r n /(C) is a piecewise trivial fibration with fiber 
Af. For a stable subset C c JooX, we define its measure by 

Mx(C) := [^„(C)]L-" d e A4' (n » 0). 

Remark 4.8. In some literature, the value of measure and hence all computations 
following it differ by a factor L d . 

Definition 4.9. For an ideal sheaf / C Ox, we define a function 

ord J : JooX -> Z> U {oo} 

7 i ^ length fc[[t]]/7 -1 /. 

The Jacobian ideal sheaf J&cx C Ox of X is defined to be the c£-th Fitting 
ideal of the sheaf of differentials, £lx/k- This defines a closed subscheme supported 
on the singular locus. For a cylinder C C JooX and for each e e N, the subset 
C n (ord Jacx) _1 (e) is stable, and we define 

oo 

Hx{C) :=^/ix(Cn(ordJacx) _1 (e)). 

e=0 

This indeed converges in At. 

Definition 4.10. A subset C C JooA is measurable if for any e S M>o, there exists 
a sequence of cylinders, Co(e), Ci(e), . . . , such that 

CACo(e) C |J d(e) 
i>i 

and ||jLtjsf (Ci(e))|| < e for all i > 1. Here A denotes the symmetric difference. If we 
can take Co(e) C C, we call C strongly measurable. 

We define the measure of a measurable subset C C JooX by 

/i X (C) := Um u x (C (e)) 

e— >0 

with Co(e) as above. This converges and the limit is independent of the choice of 
C (e). 
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Definition 4.11. Let A C JooX be a subset and F : A — > Z U {00} a function on 
it. We say that F is measurable if every fiber F _1 (n) is measurable. We say that 
F is exponentially integrabl^ if 

(1) F is measurable, 

(2) F _1 (oo) has measure zero, and 

(3) foreverye > 0, there exist at most finitely many n £ Zsuchthat ll/z^ (.F _1 (n)) > 
e. 

For an exponentially integrable function F : JooX d4->ZU the integral of 

h F is defined as 



f h F dnx :=J2^x{F-\n))V l £ M' . 



4.5. Motivic integration over the quotient stack X. Let V be a ci-dimensional 
non-trivial G-representation and X :— \V/G\. The following arguments contain a 
lot of repetitions from the preceding subsection and from the literature. However 
we have to pay attention to slight differences coming from the fact that the space of 
twisted arcs, JooX, is a projective limit of inductive limits of varieties, while JooX 
is only a projective limit. 

Definition 4.12. A subset C C J n X is called constructible if it is a constructiblc 
subset of J n ,<jX for some j £ N. A subset C C JooX is called a cylinder if for 
some n, 7T n (C) is constructible and C = n~ 1 (ir n (C)). 

For a cylinder C, we define its measure by 

MC) : = MC)]L-" d G (n » 0). 
This is well-defined from Corollary 13. 141 

Definition 4.13. A subset C C 3<x,X is measurable if for any e 6 R>o, there exists 
a sequence of cylinders, Co(e), Ci(e), . . . , such that 



CACo(e) c |J Gi(e) 



and || /i;t(Ci(e)) || < e for all i > 1. If we can take Co(e) C C, then we say that C is 
strongly measurable. 

We define the measure of a measurable subset C C i7 00 A' by 

e— W 

We can show that the limit is independent of the choice of Co(e) in the same way 
as the proof of [31 Theorem 6.18] using the following lemma. 

Lemma 4.14. Let C and Q, i £ N, be cylinders in JooX. If C C [J ieN Ci, then 
for some m £ N, we have C C U"=o 

Proof. The proof follows that of [28l Lem. 4.3.7]. Suppose that C C Joo,< 3 X. 
Then replacing Q with Cj (~l Joo,<jX^ we may suppose also Ci C ^/oo^/Y. Then 
since Joo,<jX is affine and hence quasi-compact, the lemma follows from the quasi- 
compactness of the constructible topology [HI §7, prop. 7.2.13]. □ 



^In the literature, — F is called exponentially integrable when the same condition holds. 
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We now define measurable and exponentially integrable junctions defined on sub- 
sets of JooX , and the integral of an exponentially integrable function in the exactly 
same way as in Dehnition l4.11l Following [32, 33], we define the order function as- 
sociated an ideal sheaf on X as follows: 



Definition 4.15. For a coherent ideal sheaf / C Ox and for a twisted arc 7 : T> 
X, we define a function ord/ : J/oo^ 
the associated G-cover of D. Then 



X, we define a function ord/ : JoqX — > U {00} as follows: Let E —t T> — > D be 



1 ( O 

ord 7(7) := - • length 



p \ (7 o a) 1 

If y is the closed substack of X defined by the ideal sheaf 7, then we write ord 7 
also as ordy. 

4.6. Some technical results. Here we collect technical results on the measura- 
bility and intcgrability which will be needed below. 

Lemma 4.16. Let y C X be a closed substack. Then for every n G p"^>0 and for 
every j G N 0; (oidy)" 1 (n) l~l JoojX is a cylinder. 

Proof. Let n' := |~n~|, where [•] is the ceiling function. Let 

E -^V 



J G , -V 

n',3 v 

be the universal G-n'-jet of ramification jump j. Then we consider the coherent 
sheaf T := £,*{j*Oy) over -V. From the semicontinuity, 



{i£ J n',j v I length J"® k(x) > pn} 

is a closed subset. Let W be the image of W in J n i jX. Then 

(ord^)" 1 ^ n) n JoojX = n-^W), 

which is a cylinder. Hence (ordy) _1 (w) H Joo t jX is also a cylinder. □ 

Lemma 4.17. Lei 3^ C X be a closed substack of positive codimension. Then the 
subset J^y :— (ord^) _1 (oo) of J^X is measurable and has measure zero. 

Proof. For any e > 0, we choose n, j and rij (i > j) so that n 3> j ;§> and 
^ii > (*i > h)- Then 

(Joc^)A ((ord^ 1 (> n) n Joc,<i^) 

C ((ord^r 1 (> n) n Joc,<^) U |J ((ord^)- 1 (> n,) D Joe,**) ■ 

i>j 

This shows the lemma. □ 
Definition 4.18. We define a sub-semiring N C M! by 

A/" := \ Y~[Xi\V l > G M' I X, G Var fc , lim dimX, + n* = -00 1. 
UeN J 
(Notice that there is no minus sign in the above series.) 
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We need this semiring for a technical reason. In fact, motivic measures and 
motivic integrals take values in TV (or its variant added with L 1 /*", defined below). 

Lemma 4.19. For a,b £ Af, we have that \\a + b\\ = max{||a|| , ||6||}. 

Proof. Let us write a = ^2 ieN [Xi]L ni an< ^ n := maxjdimXi + | i e N}. Then 
||a|| =2™. This fact proves the lemma. (In the semiring W, we can avoid difficulties 
coming from cancellation of terms.) □ 

Lemma 4.20. For i,j e N, let e N. Then the following are equivalent: 



(1) For every i, lim^oo 

(2) For every j, lim^oo 



, and lim^o 
, and limj^o 



E 



(3) For every e > 0, there exist at most finitely many pairs 
1 1 ay 1 1 > e. 

Moreover if one of the above conditions holds, then 



= 0. 
= 0. 

i,j) e N 2 such that 



oo oo 



S a « = 2 S °« = S Yl 

i,j£N 2 i=0 i=0 j=0 »=0 

Proof. Following the definition, we can translate the first condition as follows: For 
every e > and every i, there exist at most finitely many j with \\aij\\ > e, and for 
every e', there exist at most finitely many i with 



3=0 



= max{||ay|| |.j£N}>e'. 



(The equality above follows from the preceding lemma.) Then this is equivalent 
to the third condition. Similarly we can prove the equivalence of the second and 
third. □ 

Proposition 4.21. Let A+, i G N, be mutually disjoint subsets of J^X and let 
A := |J°^o Let F : A — > Z U {oo} be a function such that for every i, F\A t is 
measurable. Then F is exponentially integrable if and only if for every i, F\a, is 
exponentially integrable and 



lim 

i->0 



A, 



Moreover if it is the case, then 



[ h F dfi x 

J A 



' dpL X 



oo „ 

^ L 

t=0 JA * 



0. 



h F dn 



x ■ 



Proof. The "if" part: We easily see 

lim \\ii x {F- 1 {n)r\A i )\\ = 0. 

i— 7-oc 

It follows that F _1 (n) = | |^ F~ 1 (n)nA i is measurable. From the preceding lemma, 

we conclude that F is exponentially integrable. 

The "only if" part: Obviously F\a+ is exponentially integrable. Then the asser- 
tion that 

f h F dfi X 

' Ai 



lim 







follows from the preceding lemma. 
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The last assertion also follows from the preceding lemma. 



□ 



Lemma 4.22. Let F : J^X D A — > Z U {oo}. Then F is exponentially integrable 
if and only if there exist measurable subsets A$, i £ N such that 

(1) A = \JieN A i> 

(2) Aq has measure zero, 

(3) F has a finite constant value on each Ai, i > 0, and 



lim 



o. 



Proof. The "only if" part is obvious. Suppose that there exist such measurable 
subsets Ai. Then for each neZU {oo}, 



F-\n) 



u 

F(A 4 )= 



A, 



Then by assumption, F is exponentially integrable on F 1 (n) and 



lim 

n— >oo 



F-!(n) 



L 



From Lemma T4. 201 F is exponentially integrable. 



□ 



Lemma 4.23. Let C C JoqX be a strongly measurable subset and F : C — > ZU{oo} 
an exponentially integrable function. Let Co(e), e £ K>o as in Definition ^ .13\ Then 



L d/i^ = lim 



L F a> 



Co(e) 



Proof. We see that 



lim 



L d^;v 

/C\C (e) 

Now the lemma follows from the obvious equality 



' d[i x 



x 



C\Co(e) 



L, F d/i^ 



Co(e 



□ 



4.7. Adding fractional powers of L. In applications, we often consider functions 
on arc spaces with fractional values. For this reason, we need to add fractional 
powers of L to Grothendieck rings. For a positive integer r, we put 

M' 1/r := M'[h^ r ] = M'[x]/{x r - L). 

Then its dimensional completion Mu r is defined similarly. Now for an exponen- 
tially integrable function 

F : J^X (or J^X) 3^4 -Z U {oo}, 

its integral J A h F dfix (or J A h F d/j,x) is defined as an element of A^' 1 y r . 

If r divides r', then we can identify M,'-yi r with a subring of Ai^ / r ,. Then the val- 
ues of measures and integrals are independent of which ring we consider. Therefore, 
in what follows, we will not make the value ring explicit. 
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4.8. Motivic integration on G-Cov rcp (L>). For a constructible subset C of G-Cov rcp (L>, < 
j), we define its measure simply as 

v{C) := [C] e M'. 

Let F : G-Cov lcp (D) — > Z be a function which is constant on each stratum 
G-Cov rcp (L>, j). Then we write F(G-Cov rcp (L>, j)) as F(j). Suppose that 

lim F(j) +j - [j/p\ = -oo 
Then we define the integral of by: 

f h F dv = Y) ^(G-Cov rep (£>, j))L F « 

J G -Cav™(D) jeH , 

= (L-l)L- 1 ]T Li-U/Pi+m. 

Proposition 4.24. Let (JooX)® be the preimage of the origin by the projection 
SoaX — > X. Let 7r : J^X — > G-Cov lcp (D) be the projection. Then we have 

[ h F dv = [ h Fo7r dn x . 

Proof. From Corollarv l3.14[ the preimage of Jo,jX — > X of the origin is isomorphic 
to G-Cov rcp (D, j). The proposition follows from this. □ 

5. The Change of variables formula 

We keep the notation from the preceding section: V is a non-trivial G-representation, 
X = [V/G] and X — V/G. In this section, we will prove the change of variables 
formula for the map </>oo : JoaX —y J oX 1 which enables us to express integrals on 
JaaX as ones on JooX, and vice versa. 

5.1. Preliminary results. 

Definition 5.1. Let S — fc[x] be the coordinate ring of V and R := S G the one 

of X. The Jacobian ideal Jac.0 C S of the quotient map %j> : V — > X is defined as 
the 0-th Fitting ideal of the module of differentials, fly/x- This defines a coherent 
ideal sheaf on X, which we call the Jacobian ideal of <f> : X — > X and denote it by 
Jac^ C Ox- 

Lemma 5.2. Let f = ^2 i>r ait 1 € a r / 0, fc a power series of order r and 

let / _1 = J2i>- r bit l £ k((t)) be its inverse. Then the negative part, J2i=- r bit l , of 
f^ 1 depends only on the class of f in k[[t]]/(t 2r ). 

Proof. The classes of t~ r f and t r / _1 in /c[[i]]/(i r ) are inverses to each other. The 
negative part of / _1 depends only on the class of i 1 "/ -1 in /j[[i]]/(< r ). Then it 
depends only on the class of t~ r f in fc[[£]]/(£ r ) and depends only on the class of / 
in k [[<]]/ (i 2r )- 1 □ 

Proposition 5.3. There exists a constant c > 2 depending only on V such that: 
-T/7,7' S JooX and if 4> n ~f n = 4> n ^' n for some n with 

n > c ■ ord Jac0(7), 

then 7 and "/' have the same associated G-covers of D. 
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Proof. From Lemmas 16.171 and 16.281 below, Jac^ is generated by elements of R, say 
fx, . . . , fi G R. Set 7 :— (jjooj and f t :— j*fi G k[[t]]. Then e := ord Jac</,(7) is equal 
to the minimum of ord/i, say ord/i. Let Sf t and be localizations of S and i? 
by f\. Then SpecS^ — > Spec is an etale G-cover and we have 

s fl =Rf 1 [p- 1 (9/fF)} 

for some j 6 J? and m > 0. Then the G-cover E* — > D* associated to 7 is given by 

O e . =W))[p-\g/~h m )l 

with g := j*g. Hence E* is determined by the negative part of the Laurent power 
series gj f\ ■ From the preceding lemma, the negative part of (fi)~ m is determined 
by /|" modulo t 2me . The terms of g of degree > me do not contribute to the 
negative part of gj f\ . This shows that E* depends only on </>„7„ if n > 2me. The 
proposition follows. □ 

Proposition 5.4. Let c be a constant as the preceding proposition. Then there 
exists a constant c! > depending only on X such that: For 7,7' G J00X, if we 
put e :— ordJac0(7) and if 4>oaln = 4>ool' n for some n with 

n > max{ce, c ■ ord Jacx(0oo7)}, 

then 7„_ e = j' n _ e . 

Proof. Let 7,7' G J^V be liftings of 7,7' respectively. From the preceding propo- 
sition, 7 and 7' have the same G-cover E of D. Fixing an isomorphism E = 
Specfc[[s]], we can think of 7,7' as elements of the ordinary arc space JoqV of V. 
Let c' be the constant cx in [28j Lemme 7.1.1]. Then there exists /3 G J00V such 
that 4>oo(3 = 4>ool' ancl P pn -pe = lpn-pe- (Here 7 is now considered as an element 
of JaoV and so j pn is the image of 7 by J^V —> J pn V, which is the same as the 
image of 7 by J^V — > J^V '.) The equality (f>oo[3 = (j)^' shows that (3 is actually 
a G-arc and in the same G-orbit as 7'. Then the equality f3 pn - pe = "f pn - pe implies 

ln-e = i n -e- D 

We can rephrase the proposition as follows: 

Corollary 5.5. Let 7 G J X X ' , e := ordJac0(7) and e' :— ord Jacx(</ ) oo7). Let c 
and c' be positive constants as above. Then if n > max{ce, c'e'}, then ^~ 1 ((^ ri 7 rl ) 
is included in the fiber of n n (<JoaX) —¥ 7r„_ e ( t 7 00 X) over 7„_ e . 

Corollary 5.6. Let C C J00X be a cylinder with C n (ord Jac0) _1 (oo) = 0. Then 
<fioc(C) C JqqX is a stable subset. 

Proof. From Lemma 14. 141 without loss of generality, we may suppose that the 
functions ordJac^ and ord</> -1 Jacx take constant values, say e and e', on C. Let 
n G N be such that G is a cylinder at level n and n > max{ce, c'e'}. Then from the 
preceding corollary, 0oo(G) is a cylinder at level n + e. Moreover, since the function 
ordJacx is constant on it, 4>oo{C) is stable. □ 

Corollary 5.7. If C C J00X is a (strongly) measurable subset, then so is 4>oo(C). 

Proof. If 4>oo{C)\ JoqY is strongly measurable, so is 4>oo(C). Hence we may suppose 
that G is disjoint from Jo^y . Then, let Ci(e) C JT00X be cylinders as in Definition 
14.131 Replacing G^(e), i > with their intersections with (ord3^) _1 (n) n JoojX, 
n G N, j G Ng, we may suppose that Gj(e) are all disjoint from Jooy. Then from 
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the preceding corollary, </>oo(Gi(e)) are cylinders as well. Moreover we easily see 
that 

HMC*(e))|| > ||M6»(Ci(e)))||. 
This shows that </>oo(G) is strongly measurable. □ 

5.2. The key dimension count. The essential part in the proof of the change of 
variables formula is counting the dimension of </ ) ^ 1 (^n7n) for n > 0. To do this, we 
will follow Looijenga's argument [2Tj . 

5.2.1. Identifying (j)^ 1 {4>njn) with a certain Horn module. For simplicity, we first 
suppose that V is indecomposable and that the G-action on the coordinate ring 
fc[x] = k[xi, . . . , Xd] is given by cr(xj) = Xi + Xj+i (i < d) and o~{xd) — Xd- Let 
7,7' G J00X be such that ^ n 7„ = </> ra 7n for ft > max{ce, c'e'} with the notation 
as above. Then we can choose their liftings j3,/3' G J^V such that /3„_ e = j3' n _ e . 
Let £7 be the G-cover of D associated with /? and /?'. Then /?* and (/?')* induce the 
same ^-module structure on m^ l_e ' p+1 /m^" _e ^ p+2 . Since np + 1 < 2(n — e)p + 2, 
it induces an S'-module structure on M n<e := m^ 1 e ' )p+1 /m^f +1 . Then the induced 
map 

/T - (/?')* : S -y M„ >e 
is a fc-derivation and corresponds to an S-linear map 

and an O^-linear map 

& Pifi , : /3*^ s /fc -> Af n , e , 
which are G-equi variant. Moreover, from the construction, 

A^f/^) G < e := Im((m^- e)p+1 ) 5d =° -> M n , e ). 

Let in,e,/3 be the fiber of the map 7r Tl (J^F) — > 7r„_ e ( J^F) over /3 n _ e . Let 

Rom% E (l3*n s/k ,M n , e ) 

:= {a G Hom OE (/3*f25/ fc , M„ je ) | a is G-equiv. and a(c?xi) G Af„, e } • 
Then we have an injection 

F„ ie!( 3 -> Hom^ E (/3*O s/fc ,M„ ie ) 

Since a G-equivariant map a is determined by a(cfei), Hom^ {P*£ls/ki Mn.e) is 
identified with M\ e . Comparing the dimensions, we conclude that -F n , e ,/3 is identi- 
fied with M\ e and with Hom^ (/3*flg/ k , M n>e ). 
Consider the exact sequence 

Hom^(^*fi s/ii ,M n , e ) Hom^(/3*r! s/fc ,M„, e ) -> Hom OE ((^o/3)*Q R/fc) M n , e ), 

where Hom^ (P*tos/R> M n,e) is the preimage of Hom^ (f3*Q s/k , M n>e ) in Hom 0s (P*Sls/Ri M n , e ). 
Then /3 and /?' have the same image in J n X if and only if Ap t pi maps to G 
Hom OE ((^ o (3)*Q R / k , M n:e ). This shows the following: 



THE p-CYCLIC MCKAY CORRESPONDENCE VIA MOTIVIC INTEGRATION 26 

Proposition 5.8. The fiber of the map F n}e ,p —> JnX over <f> n , y n is identified 
with Hom^ [fj*flg/ R , M n , e ). Hence (f)^ 1 ((f> n j n ) is universally homeomorphic to the 
quotient of Homg, E (/3*05/ fi , M„ iC ) by some G-linear action. In particular, 

[ft 1 (fan)] = \BDvak B (p*n S /R,M n , e )] G M'. 

When V is decomposable, we define Homjl) (f3*Sls/k, M n ^ e ) to be the submodule 
of Hom^, E (/3*Hs/k> ^n,e) consisting of those G-equivariant maps a with a(dx\ t i) £ 
M\ e , 1 < A < I. Then we similarly define HomjL, E (/3*f2s/ fl , M n<e ). Now Proposition 
15.81 holds also in the decomposable case by the same reasoning. 

5.2.2. Counting the dimension ofHoT[^Q E ( y f5*Vls/R,M n ^ e ): The indecomposable case. 
We now suppose that V is indecomposable. The decomposable case will be dis- 
cussed in the next subsection. To count the dimension of Hom^L, (f3*Qs/ R , M„ ie ), 
we have to know a precise structure of the module /3*Qs/R- It is the quotient of a 
free module f3*fls/k — 0j Oe • dxi by the submodule Im((?/> o [3)*£l R / k -> j3*Qg/k)- 
Then we first note that the submodule is generated by G-invariant elements. Let 
u> = ^2f =1 ujidxi G f3*Qs/k be G-invariant. Then 

d-l 

ct(cj) = ^ cr(cj l )(da; l + + a{uj d )dxd 

i=i 

d 

= cr(cji)dxi + ^(cr(wj_i) + a(nvi))dxi 

i=2 

— UJ. 

Hence a(uji) = ui\ and a(u>i—i) + cr(uji) — u>i, i > 2. 

Notation 5.9. For an abelian group M endowed with a G- action, we define an 
operator 8- on M by 

c>_ := o" -1 — idM = —cr 6. 
Then = <5_(cji) and wi is G-invariant. Furthermore this is equivalent to 
Ui = Si~*(u3d) and St(u d )=0. 
Notation 5.10. For / G O| =0 , we define a G-invariant element w/ G (3*£lg/ k by 

w/ 

i=l 

We note that if ft G fc[[i]], then we have 

Wfc/ = h ■ LJf. 

As before, we write Oe* — k{{t))\p~ x f] and put g :— p _1 /. Then 1, p, ... 
form a basis of 0£* as a fc((t))-vector space. Hence every / G Oe* is uniquely 
written as / = £a=o / (a) , / (a) G k((t))-g x . Suppose that 8±{f) = 0, or equivalently 
that /( A ) = for A > d. Then from Lemma HHU we have 
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Lemma 5.11. There exists a OE-basis ujf 1 , . . . , ujf d oflu\{{ipof5)*Q, R ^ k — > f3*tt s / k ) 

such that fy 1 l ' ^ and f^ =0, A > d — i. Namely for every 1 < i < d, the terms 
of dxi> , i' < i, in ujf i vanish, hence we have 

/u fl \ (5 d _-\h) S d _- 2 (.h) ... S-(fx) fi\/dx 1 \ 



W /2 



S d T 2 (f 2 ) 



\ 



S-(fd-i) fd-i 

f d J 



dx 2 

dxd-i 
V dx d ) 



Proof. The proof is more or less a standard linear algebra. Since Ob is a PID and 
j3*£ls/R i s a torsion-module, there exists a basis of Im((ip o (3)*£l R / k — > (3*tt S / k ) 
consisting of d elements, say ojf t , . . . , w/ d . For some i, f- d ^ ^ 0, say f[ d X ' ^ 0. 
Moreover we may and shall suppose that f[ d ^ has the least order among nonzero 



(d-i) 



Then replacing fy, i > 2 with — g^/i for suitable gi 6 we may 



suppose that /, 



(d-i) 



= for i > 2. Repeating this procedure to w/ ; , i > 2, we may 
0, % > 3. Repeating this, we eventually get a 
basis of the expected form. □ 



suppose that /j ^ and 2 ^ 



Lemma 5.12. Let fi, ■ ■ ■ , fd be as above. Then 



ord Jac^ (7) = - 



Proof. Since Fitting ideals are compatible with pull-backs, the ideal, 7 Mac^ = 
/3 _1 Jac^, C Oe, is equal to the 0-th Fitting ideal of f3*fls/R. This module is 
isomorphic to the cokernel of a map O e — > O d E defined by the matrix 

(b d --\h) S d _- 2 (h) ... MA) A \ 
S d _- 2 (f 2 ) ... 6-{f 2 ) h 

S-(fd-i) fd-i 

V fd J 

Now, by the definition of Fitting ideals, /3 _1 Jac^, is the determinant of the matrix 
and equal to nf=i ^ d l (fi)- Hence 

d 

length OeH- 1 Jac^ = £ v E {5 d T l (fi)), 



which proves the lemma. 



□ 



Definition 5.13. Suppose that V is an indecomposable G-representation of di- 
mension d. Then we define the shift number of j € N' with respect to V to be 



ahtvU) 



Proposition 5.14. Let the assumption be as in Corollary \ 5.5\ Additionally we 
suppose that V is indecomposable (although this assumption will be removed in the 



THE p-CYCLIC MCKAY CORRESPONDENCE VIA MOTIVIC INTEGRATION 



28 



next subsection). Then ^ n 1 ((/> n 7 n ) is universally homeomorphic to the quotient of 
AT^ Bhtv ^ by some linear G '-action. 



s d =o 



Proof. Let M n := B »/m^ + and let M>> c M n be the image of O 
0^0 k[[t))g\ Then M\ e C M\ and we can identify Rom% E (/3*n s/R ,M n , e ) with 
similarly defined Hom^ (/3*Q S / R , M n ). Indeed since /3*Qs/R nas length pe, every 
0£-linear map f3*£l s / R — >• M„ has its image in M„ ie . Therefore we may count the 
dimension of Hom^L, (j3*Q,s/R, M n ) instead. This trick will make following argu- 
ments easier. 

Let uif 1 , . . . , ujf d be as in Lemma 15.111 Then 

HomJ, E {P*n s/R , M n ) — |a G Hom^ (/3fi S /fc, M n ) \ a{u ti ) = (i = 1, . . . , rf)} . 

Identifying Hom^ (/3*Q s/k , M n ) with Af£, we can identify Hom^(/3*O s/fl ,M n ) 

with the set of h € M\ satisfying: 

(5.1) 

(*t\h) 5 d S 2 {h) ... §-{h) h \ ( h \ 



(h) 



5-{h) h 



V 



S-(fd-i) fd- 



8(h) 



S d - 2 {h) 



= mod m^f +1 . 



Let us write h = ^a=o h W 9 X , h[X] 6 &((*)) such that if w e write /J A 1 = £\ , 



then /j 



Then 



[A] 



for z with 



pi — j\ > np [ <^ i > n + 



P 



d-l 



8 d -\h) = J2 s d ~ l (g x ) -h [x] . 



X—d—i 



We note that ve(3 c1 l (g d % )) = 0. From the bottom row of equation (|5.ip , 

k-8 d -\g d - x )-h^=Q modmf 1 . 
Hence the coefficients hf 1 ' of ^ are zero for i such that 



VB(fd) +ip <np I t < n 
The other VE{fd)/p + [(d — l)j /p\ coefficients, 

, [d-l] VE(fd) . 

h\ , n <!<n-t 



can take arbitrary values. Suppose now that h^- 1 \...,h^ are fixed. Then we 
consider the (I + l)-th row from the bottom of equation (|5.1I) . 

Si{fd-i) ■ S^-^g 11 - 1 - 1 ) ■ h^- 1 - 1 ^ + (fixed terms) = mod m^ +1 . 



THE p-CYCLIC MCKAY CORRESPONDENCE VIA MOTIVIC INTEGRATION 



2!) 



The left hand side is the image of 0Jf d _ t by the G-equivariant map a G Hom^ (/3*Os/fc, M n ) 
with dx\ i — y h. In particular, it is G-invariant for any h. Hence the equality holds 
for at least one choice of h^ l ~^ G k((t)). Indeed we can choose h\ d 1 1 ' as 

(fixed terms) 



G k((t)) 



with coefficients in degree > n + |j (d — Z — l)/pj eliminated. (This is the point 
where we use the trick of replacing M n , e with M n .) Once a solution exists, then 
the equation uniquely determines the coefficients hf 1 ^ of /i^ - ' -1 ! for i such that 

VE(P-\Jd-i)) +ip<np i < n 



The other VE(5 l _(fd-i))/p + [{d — I — l)j/p\ coefficients, 



, [d-i-i] v E (SL(fd-i)) ^ . . 
h\ ,n < i < n - 



(d-l- l)j 



can take arbitrary values. Hence the solution space of (|5.ip has dimension 



E 

i=o 



v E (5L(f d -i)) 



P 



(d-l -l)j 



e + shty(j). 



We have completed the proof. 



□ 



5.2.3. Counting the dimension ofHoTa OE (/3*fts/R,M nie ): The decomposable case. 
We generalize the shift number to the decomposable case as follows: 

Definition 5.15. Suppose V — (J)^ =1 Vd A . Then we define the shift number of 
3 G Nq with respect to V to be 

l l d x -l 

Shty(j) ;=J2sht Vdx (j) = J2 E 
A=l A=l i=l 

With this definition, Proposition 15 . 141 holds also in the decomposable case. Now 
we sketch how the above arguments can be generalized to this case. Let 

fc[x] = k[xx,i | 1 < A < I, 1 < i < d\] 

be the coordinate ring of V as in Section 15721 Then lm((ip o (3)*£l R / k —> /3*f2g/ fe ) 
is again generated by G-invariant elements. A G-invariant element of f3*fls/k is of 
the form 



for some 



(/i 



<5_ x =0 
E 



A=l 



Then we can generalize Lemma I5.11I as follows: 
Lemma 5.16. There exist a basis o/Im((i/j o (3)*{l R ^ k — > @*VLg/).), 

ut x , t (1 < A < /, 1 < i < d x ), 

such that the terms of dxy %' in Wf A i vanish if either "A' < A" or "X' — A and 
i'<i". 
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Proof. The proof is almost the same as the one of Lemma 15.111 We use induction 
on I. We first take any basis ujf x i . Next we eliminate the dxi,i terms of uj{ x i with 
(A,i) ^ (1 , 1 ) , suitably replacing fA,i's. Then we eliminate the dxi t 2 terms of 
Wf A , with (X,i) 7^ (1, 1), (1,2). Repeating this procedure d\ times, we get a basis 
such that i , 1 < i < di, satisfy the condition of the assertion. Applying the 
assumption of induction to Wf A . , A > 2, we prove the lemma. □ 

Once the above lemma is proved, the rest of arguments in the indecomposable 
case work also in the decomposable case. Hence: 

Proposition 5.17. The assertion of Proposition ^. 14\ holds without the assumption 
that V is indecomposable. 

5.3. The change of variables formula. 

Definition 5.18. Wc define a function Sx on J^X as the composition shty o rj: 

sx : JooX IKW ^Z. 

Lemma 5.19. Let A C JooX be a cylinder. Then the function, — ord Jac^ — Sx, 
on 4>~^-(A) is exponentially measurable and 

[ L-° rdJac *-^d^ =fix(A). 

Proof. Let y c X be the exceptional locus of <j> : X — > X. Then there exists a 
stratification ^~ X (A) \ J^y — |Ji G N such that 

(1) for every i, Bi is a cylinder, and 

(2) for every i, the functions, ord Jac^, ord0 _1 Jacx and rj, are constant on Bi. 
From Lemma 15.61 for every i > 0, (f>oo{Bi) is a cylinder. Let n := — ord Jac0(£?i) — 
Sx{Bi). Then from Propositions 15 . 141 and 15 . 1 7] fj,x(Bi)h n — i±x(4>oo(Bi)). Hence 



m^)=z>*(0oo(a))=x; / 



X • 

Bi 



Now the lemma follows from Proposition ^. 211 □ 

Theorem 5.20 (The change of variables formula, cf. [TTJ [31 133] ) • Let A c JooX 
be a strongly measurable subset and let B — |_|. Bi C JooX be a countable disjoint 
union of strongly measurable subsets Bi such that B — 4>^{A). (For instance, if 
A is a cylinder, then B — (f>^~(A) satisfies this condition.) Let F : JooX D A — > 
iZU {oo} be a measurable function. Then F is exponentially integrable if and only 
if the function, F o (f>oo — ord Jac^ —Sx> on B is exponentially integrable. Moreover 
if it is the case, then we have 

h F d[i x = [ L Fo ^~" ordJac *-^d/i^. 
Jb 

Proof. Using Proposition 14.211 we will deduce the situation to an easier one step 
by step. 

(1) We may suppose that B is disjoint from Jc^y: From Lemma \A.17[ J^y is 
measurable and of measure zero. Also JooY is measurable and of measure 
zero. Moreover Bi \ J^y and A \ JooY are strongly measurable. Therefore 
we may replace B with B \ J^y, and A with A \ JooY. 
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(2) We may suppose that B is strongly measurable: From Corollary I5.7[ for 
each i, <j>oo(Bi) is strongly measurable. From Proposition ^. 21\ it is enough 
to prove the theorem for B = Bi and A = <t>oo{Bi). 

(3) We may suppose that B is a cylinder and A is stable: Let Bo(e) C B be 
cylinders as in Definition 14.131 Then for a sequence e, G M>o, i 6 N with 
limj-^oo e, = 0, B \ UieN^o(ei) is measurable and has measure zero. Its 
image in A is also measurable and has measure zero. Hence it is enough 
to prove the theorem for B = i?o( £ i) and A — <fioo(Bo(e)). As we have 
supposed that B is disjoint from Joc>y, Bo(ei) is also disjoint from J^y. 
Hence 0oo(-Bo(e)) is stable. 

(4) We may suppose that the functions, ord Jac^, ord </> -1 Jacjc and rj, are con- 
stant on B: We take the stratification B — |J j; Bi of B with respect to the 
values of these functions. Then the stratification has only finite strata. It 
suffices to show the theorem for B = Bi and A = <fioo(Bi). 

Now we fix n £ ~Z U {oo}. Then C := F _1 (n) is measurable. Let Q(e) be as in 
Definition 14.131 For every i and e, we can take Cj(e) C A. Let e := ordJac^(i3) 
and s := Sx(B). Then 

^(0- 1 (C,(e)))= / i X (a(6))L- e - s . 

This shows that 

£— >0 

Hence 

/ L F d/i X = Mx(C)L" 
Jc 

£^0 

= lim^(fe 1 (C (e)))L"- e - s 

e— >0 

= ^(^(COJL"-"-' 

= / h Fo ^- 01 ' d]llc f- Sx dfi X . 

Now the theorem follows again from Proposition 14.211 □ 



6. Stringy invariants and the McKay correspondence 

In this section, we will define stringy invariants as certain motivic integrals. 
Then we will obtain several versions of the McKay correspondence, which are con- 
sequences of the change of variables formula above. 

6.1. Stringy invariants of strongly Kawamata log terminal pairs. We will 
keep the notation. Let wx be the canonical sheaf of X, which is defined as the 
double dual of /\ Qx/k- Since R is a UFD (see for instance [7J Theorem 3.8.1]), 
in particular, X is 1-Gorenstein. Namely lox is invertible. The uj-Jacobian ideal 
Jac^ C Ox °f X is defined by the equality 

Im f\ n x /k -^^x) = Jac^ • uj X - 
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Remark 6.1. It is known that if X is a local complete intersection, then Jacx = 
Jac^. In our setting, this is the case only when V is isomorphic to V2 © V® 2 , 
V® 2 © V® d ~ A or V 3 © V^ d ~ 3 . Indeed, X is a hypersurface in these cases (see for 
instance [7]). Otherwise X is not even Cohen-Macaulay from [12] . 

In [3 H] , Batyrev introduced stringy invariants for Kawamata log terminal pairs 
in characteristic zero. To define it, he used the resolution of singularities. However 
we are working in positive characteristic and it is not known yet that there always 
exists a resolution of singularities. Therefore, following Denef and Loeser |llj . we 
will define the stringy invariant as an integral on JooX. 

Definition 6.2. Let Z — J2iLi a i%i be a formal Q-linear combination of closed 
subschemes 2j C X. Then we define a function 

m 

ordZ := ■ ordZ l : J X X -> QU {00}. 

i=l 

Here we suppose that ord Z takes the constant value 00 on the measure zero subset 
U^Li( or d Zi)~ 1 (oo). We say that the pair (X, Z) is strongly Kawamata log terminal 
if the function ordZ + ordJac^ on JoqX is exponentially integrable. If it is the 
case, we define its stringy motivic invariant by 

M st (X,Z):= [ L ordz+ordJac ^x. 

JJooX 

Then we define the stringy Poincare function by 

00 

P st (X,Z) = P(M st (X,Z)) G {JZdT- 1 ^)). 

r=l 

Let / : Y — > X be a proper birational morphism with Y smooth. Then we define 
the canonical divisor of /, denoted Kf, to be the divisor such that 

lm{f*u) X — y uy © K{Y)) = Y (-K f ) ■ uj Y - 

Here K(Y) denotes the function field of Y. This divisor has support in the ex- 
ceptional locus of /. We define the pull-back f*Z of Z by / as the formal linear 
combination 1 a i ' f~ l ^i of the scheme-theoretic preimages f~ l Zi C Y. 

Proposition 6.3. With the notation as above, we have 

M st (X, Z) = M st (YJ*Z-K f ). 

Proof. Since 

/- Jac^ • Y {-K f ) = Jac /s 

we have 

/ ord Ja,Cx — ord Jac/ = — ordKf. 
The proposition follows from this and the change of variables formula for varieties 
in positive characteristic [35]. □ 

Corollary 6.4. Suppose that Kf — f*Z is a simple normal crossing divisor written 
as X)"=i a iEi, ai G Q, with Ei prime divisors. Then (X,Z) is strongly kawamata 
log terminal if and only if for every i, a; > —1. Moreover if it is the case, then 

M st (X, Z) = M st (Y, rZ-Kj) = ^ II L i+ a T^i ' where E i : = fl £ AU r - 

ic{i,...,m} iei iei i£I 
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Proof. The corollary follows from the preceding proposition and the explicit com- 
putation of motivic integrals (for instance, see [8]). □ 

Definition 6.5. Let (X, Z) be a pair as above. Let / : Y — > X be a proper 
birational morphism such that Y is normal and f*Z is a Cartier divisor. Let E be 
a prime divisor on Y . Then the canonical divisor Kf of / is similarly defined on 
the smooth locus of Y (and extends to Y as a Weil divisor). The discrepancy of 
(X, Z) at E, denoted a(E; X, Z), is defined to be the coefficient of E in the divisor 
Kf — f*Z. We say that {X, Z) is Kawamata log terminal if for every Y and E as 
above, a(E;X, Z) > — 1. 

Proposition 6.6. If {X, Z) is strongly Kawamata log terminal, then it is Kawa- 
mata log terminal. Additionally, if there exists a resolution f : Y — >• X with 
Kf — f* Z a simple normal crossing Q- Cartier divisor, then the converse is also 
true. 



Proof. For the first assertion, let / : Y — > X and E be as in Definition 16.51 Let 
U C Y be an open dense subset such that 

(K f -f*Z)\ u = a(E;X,Z)-E\ u . 

Then from the change of variables formula in |28j , ord /* Z — ord Kf is exponentially 
integrable on JoqU. Hence a(E;X,Z) > — 1. This shows that (X,Z) is Kawamata 
log terminal. 

The second assertion follows from Corollarv l6.4l □ 
Next we will define stringy invariants of stacky pairs. 

Definition 6.7. Let Z — YliLi a i-^i be a formal Q-linear combination of closed 
substacks Z\ C X . Then we define a function 

m 

ordZ := £ a 4 ■ ordZ, : J^X QU {oo}. 

i=l 

We say that the pair (X, Z) is strongly Kawamata log terminal if the function 
ord-E — &x on JooX is exponentially integrable. If it is the case, we define its 
stringy motivic invariant by 



M st (X,Z) := / 
J Si 

6.2. An explicit formula for M st (X) 



Definition 6.8. For a G-representation V = © A=1 Vd x , we put 

A=l A=l i=l 

Proposition 6.9. The pair (A^O) is strongly Kawamata log terminal if and only 
if Dy > p. Moreover if it is the case, 

- 1) (Yfll L s - sht ^W' 
M st (X) := M st (X, 0)=h d + 1 _ Lp _!, Dv 
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Proof. For an integer s with 1 < s < p — 1 and a non- negative integer n, we have 



X=l i=l 

/ i 





is 




\in + 




) 




.P. 





E 



(dx - l)d x 



\x=i / 
Dy ■ n + shty(s). 



EE 

A=l i=l 



Hence we have 

M st (X) 



L d + J2 i A l x G-Cov rcp (A j)]L- aUv ^ 

jew 

p—l oo 

h d + (L - l)L i_1 Y E L< p - 1 -- Dv > w+4,-,J,tv W. 



This converges if and only if Dy > p. Now the formula of the proposition easily 
follows. □ 



Corollary 6.10. If Dy = p, then 



p-i 



M st (X) = L d + L' J2^ shtv{s) e ZpL]. 



s=l 



Proof. The equality is a direct consequence of the preceding Proposition. Moreover 
in this case, 



I d x -i 
s \ ^ \ ^ . s 



s M S )<-EE A = > = 



Hence M st (A') e Z[L]. □ 
Definition 6.11. When Z)y > p, we define the stringy Euler number of <Y by 

e st (X) := e top (M st (X)). 

(See Section g31) 

Corollary 6.12. If D v >p, then 

Dy — p + 1 

In particular, if Dy = p, then e s t{X) = p. 

Proof. Obvious. □ 
In the following, we compute M st (X) in several cases. 
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Example 6.13. Suppose that V = V® 1 . Then shty(s) = l(s - l)(p- l)/2 (see for 
instance [UJ page 94]). Hence 

P- 1 , S -l( S -l)( P -l)/2 

MAX) = L d + (L - 1)L' -1 > , , , 1WQ . 

s— 1 

In the following cases, we have Dy = p. 

Example 6.14. lip = 3 and V = V 3 , then M at (X) = L 3 + 2L 2 . 

Example 6.15. If p = 2 and V = V 2 ® 2 , then M st (X) = L 4 + L 3 . 

Example 6.16. If V = V^ p , then 

M st (X) = h 2p + ^(hP- 1 + h p - 2 + • • • + L) = L 2p + L 2p+1 + • • • + L p+1 . 

6.3. The McKay correspondence. We say that V has reflections if the fixed 
point locus V G has codimension one. A non-trivial G-representation V has reflec- 
tion if and only if V = V 2 © V^ d ~ 2 . 

6.3.1. The no reflection case. 

Lemma 6.17. Suppose that V has no reflection. Then 4>~ l Ja,c x = Jac^. 

Proof. Since the quotient map ip : V — > X is etale in codimension one, ty*ix>x = ^v, 
and the lemma follows. □ 

Corollary 6.18. Let Z = 'Y^i&iZi be a formal Q-linear combination of closed 
subschemes Zi C X. Then (X, Z) is strongly Kawamata log terminal if and only if 
so is (X,(j)*Z). Moreover if it is the case, then 

M at {X,Z) = M st (X,4>*Z). 
Proof. From the change of variables formula and the preceding lemma, we have 

M st (X,Z)= f h m ' dz+mdJac ^d f ix = / lL oldrz - Sx dfi x =M st (X,ct>*Z). 

□ 

Corollary 6.19. The pair (X, 0) is strongly Kawamata log terminal if and only if 
Dv > P- Moreover if it is the case, then 

M st (X) =M st (X). 

Proof. This follows from the preceding corollary and Proposition [679] □ 



Remark 6.20. In particular, if Dy > p, then X has only canonical singularities. 
Namely all discrepancies are non- negative. On the other hand, from |34j . X does 
not satisfy a closely related property, the strong F-regularity. 

Corollary 6.21 (The p-cyclic McKay correspondence). Suppose that V has no 
reflection, and that there exists a crepant resolution f :Y — >■ X. Then the following 
hold: 

(1) M st (X) = [Y\. 

(2) D v = p. 

(3) e top (Y)=p. 
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Proof. For the first assertion, we have 

M st (X) = M s t(X) = [Y\. 

Then, in particular, X is strongly Kawamata log terminal. Hence d > p. Also from 
the first assertion, we have 

e s t(X) = e top (Y), 

which is an integer. Now the second and third assertions follows from Corollary 

Em □ 

Remark 6.22. The third assertion of Corollary 16.211 does not hold if we replace 
V with a non-linear G-action on Spec fc[[xi, . . . , Xd]]- For instance, let G X 
be either a Eg-singularity in characteristic two, a E'g-singularity in characteris- 
tic three, or a i?g -singularity in characteristic five (for the notation, see jl]). Then 
X is the quotient of Spec k[[x, y]} by a G-action such that the associated covering 
Spec k[[x, y}] — > X is etale outside 0. The minimal resolution of X is a crepant 
resolution. (Indeed from [20j Th. 4.1] and [2, Cor. 4.19], the blowup of X at the 
singular point has only rational double points. Hence discrepancies at the excep- 
tional curves are zero.) However the topological Euler characteristic of the minimal 
resolution is not p. 

Example 6.23. Suppose that V = V3. If we suppose that G acts on the coordinate 
ring k[x, y, z] of V, by x h4 x, y <— > —x + y, z 1-4 x — y + z, then the invariant subring 
is 

k[x,y, z] G = k[x,N y ,N z ,d], 

where d = y 2 + xz - xy, N y = l\ g&G g(y), N z = Y\ g&G g{z) (see Th. 4.10.1]). 
In particular, X is a hypersurface. By abuse of symbols, we let x, N y , N z , d corre- 
spond to variables X, Y, Z, W respectively. Then according to computations with 
Macaulay2 [15] for small primes p, the defining equation of X seems to be 

(P+l)/2 

2X p Z + W p - Y 2 + (-lyCi-iX^^W*. 

i=2 

Here Gj denotes the i-th Catalan number modulo p. The author does not know if 
this equation is known. 

Now suppose p = 3. Then the equation becomes 

-X 3 Z + W 3 - Y 2 + X 2 W 2 = 0. 

If k is algebraically closed, then by a suitable coordinate transformation, X is 
defined by 

Z 2 + X 3 + Y 4 + X 2 Y 2 + Y 3 W = 0. 

This equation defines the compound ^-singularity as studied by Hirokado, Ito and 
Saito [TB]. The blowup X\ of X along the singular locus is singular along a line. 
Then the blowup Y of X\ along the singular locus is now smooth and a crepant 
resolution of X. Moreover the exceptional locus of Y — >• X is a simple normal 
crossing divisor with two irreducible components, say ExUEz- Then Ei = Ai X P£ 
and E\C\ = A\. Therefore [Y] = L 3 + 2L 2 , which agrees with our previous 
computation in Example 16.141 
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Example 6.24. Suppose that p = 2 and V = V2 ® Vi. Using the description of the 
invariant subring in 7, Th. 1.12.1], we can see that X is a hypersurface defined by 

W 2 X + V 2 Y + VWZ + Z 2 . 

By direct computation, the blowup Y of X along the singular locus is a crepant 
resolution and its exceptional locus is isomorphic to A 2 xPj,. Therefore 

M st (X) = [Y] =L 4 +L 3 , 

which coincides with Example 16.151 

Corollary 6.25. Suppose that V has no reflection. Let / : Y —> X be a crepant 
resolution and Eq := / _1 (0). Then, with the notation of Section l4~8l we have 



/ lT shtv dv = [E ] 



'G-Cov"p(C) 

Moreover if A; is a finite field, then for each finite extension V q /k, we have 



tf£o(F 9 ) = 

Proof. We have: 



ttG-Cov rc P(Aj)(F 9 ) 



f lT ahtv du = I L- Sx dfi x 

T - X (0) 

1 dfiy 
= [Eo] 

This shows the first assertion. Then the second assertion is obtained by applying 
the counting-points realization □ 

Example 6.26. Let k = ¥2 and V = V® 2 . Let Y — > X be a crepant resolution as in 
ExampleEH Then E = f\ and for each finite extension F 9 /F 2 , Po(F g ) =q+l. 
On the other hand, 

ttG-Cov rep (^,j)(F g ) = i | ^ G-Cov re P(A2n + l)(F g ) 
je% q n=0 y 

00 

= 1 + q. 

The second assertion of Corollary 16.251 will be slightly differently formulated in 
terms of Artin-Schreier extensions of k((t)). We have 

$G-Cov™v(DJ)(W q ) = -j|G-Cov(D x k ¥ t ,j). 

Let Nq j be the number of Galois extensions of F 9 ((i)) in a fixed algebraic closure 
k((t)) of k((t)) with ramification jump j. Then for j £ W , we have 

$G-Cov(Dx k F q ,j) = (p-i)N q j. 
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The factor, p — 1, comes from p — 1 choices of isomorphism of G to the Galois group. 
Hence: 



Corollary 6.27. With the same notation as above, we have 
tEo(F q ) = l + P —±J2 ^ 



n ' — < shtv(i) ' 

1 jew H 

6.3.2. The reflection case. Next we consider the case where V has reflections. We 
write the coordinate ring of V as S = k[x, y, Zi, . . . , Zd-2] with the G-action given 
by: 

<j(x) = x + y 

o-(y) = y 

a(zi) = Zi 



Then 



R ■■= S G = k[x p - xy p 1 ,y,zi,...,z (i _2]- 



(See for instance Th. 1.11.2].) Thus X is again an affine c?-space, in particular, 
smooth. 

Lemma 6.28. We have Jac^ = (y^ 1 ) C S. 

Proof. From the explicit generators above of R, the module £ls/R is isomorphic to 
the cokernel of the map S d — )• S d represented by the Jacobian matrix 



./P-i 



(1 - p)xyP- 2 1 



V 



\ 



Hence by definition, Jac^, is generated by its determinant — y p 1 , which proves the 
lemma. □ 



The fixed point locus V is defined by the ideal (y) C S. We define y to be the 
quotient stack [V /G], which is a closed reduced substack of X and define Y to be 
the image of y on X, which is defined by (y) C R. 

Corollary 6.29. Suppose that V has reflections. Let Z = Y] a t Zi be a formal Q- 
linear combination of closed subschemes Zi C X. Then (X, Z) is strongly Kawamata 
log terminal if and only if so is (X, <j>* Z + (1 — p)y). Moreover, if it is the case, 
then 

M st (X, Z) = M st {X, ^Z + (1 - P )y). 
In particular, for a < 1 , 



M st (X, aY) = M st (X, {a + 1 - p)y). 
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Proof. In this case, since X is smooth, Jac^ = R. Hence 



M st (X,Z) = f 



L ord z dn x 



^ord 0*Z-ord (p- 1) V-S;t ^ , 



M 8t (*,<^Z+(l-p);y). 



□ 



Example 6.30. We suppose V = V?. From Corollary 16.41 for a < 1, we have 

On the other hand, for a < 2 — p, we can compute M s t(X, ay) from the definition 
as follows: First we have: 

M st (X,ay) = f h orday dtx x + Y, [ ^ olday -**dfi X 



Now we compute the second term. Let us fix E G G-Cov rep (D, j)(k) and for G-arcs 
j : E —¥ V, we denote associated twisted arcs by 7. Then, with the notation as in 
Section [^751 those G-arcs 7 : E — > V with ord^T") = n correspond, by 7 1— > 7*(x), 
to 

k[[t}} xk* -gt n x Y[ k-gt m , 
provided np — j > 0. Otherwise there is no such G-arc. Hence for np > j, 

fixdordyy^n) n Joo^X) = (L — l)L n+1+ ^'/pJ x (L — l^-^M 

= L-" +J (L-l) 2 . 

Hence 

r. OO 

jeN' J ^,i x n =i jew 



J2 L (a - i)n+ ^ Lj/pJ (L-i) 5 



"=1 jGN' 
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Then, putting j = rp + i (0 < r < n, < i < p), we continue: 

oo /p—1 n— 1 



n— 1 r—0 



^^„,„ ^,1-L^" 1 ) 



(L-l) 2 ^^^- 1 )™^- 



1 - LP" 1 

n—1 i—1 



oo 



(L - 1)L 2^ l^-^OL"^-^ - 1) 



n=l 



= (L 

As expected, we now have 



{a-l)ngji(p-l) 
a+p-2 L « 



1 - L a +P- 2 1 - L a_1 



L 2 - L , , / L a +P- 2 
MrtCAf.oy) = + (L-1)l' 



1 - L"- 1 v VI- L a +P- 2 1 - L a 

L 2 -L 



1 - L Q +P- 2 ' 



Remark 6.31. For the pair (X,ay) being strongly Kawamata log terminal, the 
coefficient a must be negative. In particular, (X, 0) is not strongly Kawamata log 
terminal, and its stringy invariant M st (X) is not defined in this paper. However, 
stringy invariants should be generalized beyond log terminal singularities to some 
extent, as Veys [31 confirmed for surface singularities in characteristic zero. Then, 
it appears meaningful to, for instance, claim 

M st (X , a y) = - h l~^_ 9 and e st (X, ay) 



1-L a +P~ 2 «v > 2-a-p' 

unless a + p — 2 = 0. In this way, we would be able to relate weighted counts of 
Artin-Schreier extensions of k((t)) to stringy invariants of singularities even when 
D v < p. 

6.4. Pseudo-projectivization and the Poincare duality. Batyrev proved that 
the stringy invariant of a log terminal projective variety in characteristic zero satis- 
fies the Poincare duality. We will obtain a similar result for the "projectivization" 
of our quotient variety X. 

Let G m = Specfc^] be the multiplicative group scheme over k. We have natu- 
ral G m -actions on V and X, which are compatible with the quotient map V — > X. 
Moreover the action on V commutes with the G-action, inducing G-action on 

V. Let Wi and W 2 be the quotient stacks [(V \ {0})/G m x G] and [(X \ {0})/G m ] 
respectively. The former is a smooth Deligne-Mumford stack and isomorphic to 
[P(V) /G] . The latter is not a variety but a (singular) Artin stack with finite stabiliz- 
ers. Indeed, from the following lemma, the G m -action on X \ {0} have non-reduced 
stabilizers Spec k[t]/(t p — 1) C G m at singular points. 

Lemma 6.32. Let W C V be the fixed point locus of the G-action and W C X its 
image. Then the morphism W — > W is isomorphic to the Frobenius morphism of 
W. 

Proof. We prove only the indecomposable case. Let k[x\, . . . , xj] be the coordinate 
ring of V with the G-action as in Section l3~2l Then W is defined by x 2 = ■ ■ ■ = Xd — 
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0. Hence the coordinate ring k[W] of W is identified with the image of k[x\, . . . , Xd] 
on k[x\] = k[x\, . . . ,Xd]/{x2, ■ ■ ■ ,Xd). We easily see that x\ £ k[W]. On the other 
hand, x±, the image of the norm of xi, is in Since k[W] is purely inseparable 

over fc[W], we have k[W] = which shows the lemma. □ 

The stacks Wi and W2 have the same coarse moduli space X — (V\{0}) / G m x G. 
Moreover Wi and W2 have open dense subsets isomorphic to (V\V G )/G m and are 
birational. Since the morphisms X \ {0} — > Wi and X \ {0} — > W2 are G m -torsors, 
it seems natural to define stringy invariants of Wi and W2 as follows. 

Definition 6.33. We define the stringy motivic invariant of Wi and W2 by: 



M st (W 1 )=M st (W 2 ) 



J +(M st (X)-(h d -V))- L ' " ' 



1 ' ^— ■>^--' ^ "V(h- 1)' 

Let W denote either Wi or W^- 
Proposition 6.34. Suppose that Dy > p. Then 

ir,«»_i (V-l)(j: P s Zl^ s - shtv ^ 



M st (W) = 
Proof. We have 

Tf d _ it I 

M st (W) = ' 




-1 L(l -Lp-i-^v) 

1 - Lp- 1 -^ 

) (Es=i lL ^ shtv(s) ) 



- (L d - L' ) 



1} - 



L^-LP- 1 "^) 



□ 



Proposition 6.35 (Poincare duality). Let us write M s t(W) as M s t(W; L) to clarify 
that it is a rational function in L. TTien we /lave 

Mst^iL- 1 )^- 1 = M 8t (W;L). 

Proof. The first term of the expression in Proposition 16.341 equals [P^ -1 ], which 
obviously satisfies the Poincare duality. For the second term, substituting L _1 for 
L and multiplying with L d_1 , we obtain 



(I 



i) (ElZl 



J£shtv(s) — s 



L = 



(l ! - 1) (521=1 L sht ^)- s ) U+d-l-D v 



L- 1 (l-L-J'+ 1 +- D v) ' L(l -Lp-i--Dv) 

Then the Poincare duality follows from the following equations: For 1 < s < p — 1, 
shty (p — s) — (p — s) + p + d — I — Dy 
1 d x -i 

l-Dv 




a 
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7. Remarks on future problems 

7.1. Generalizations. This study should be a toy model for the wild McKay cor- 
respondence. The following are possible directions of generalization. 

(1) General groups and non-linear actions: If we similarly define twisted arcs, 
then the almost bijection between twisted arcs of X and arcs of X should 
be valid in very general. Looking at Harbater's work [17], we should be able 
to construct the spaces of twisted arcs or jets at least for p-groups, whether 
their detailed structure can be understood or not. As explained in Remark 
16.221 the non-linear case will be quite different from the linear case even in 
dimension two. Some non-linear action appears as the projectivization of 
a linear one. Then we may apply some results in the linear case to such 
cases. 

(2) General local fields: Sebag [28] generalized the motivic integration to formal 
schemes over a discrete valuation ring. Replacing k((t)) with a general 
local field along this line, we might be able to get, for instance, a result on 
weighted counts of Galois extensions of the local field. 

(3) General proper birational morphisms of general Deligne-Mumford stacks: 
We proved the change of variables formula only for the morphism [V/ G] — > 
V/G. However, ultimately, it should be generalized to an arbitrary proper 
birational morphism of Deligne-Mumford stacks (with a mild finitcness con- 
dition). It was obtained in |33] when the morphism is tame and stacks are 
smooth. 

7.2. Other related problems. As we saw in Corollary I6.21[ if there exists a 
crepant resolution of X, then Dy — p. What about the converse? The only known 
examples of crepant resolutions of X are Examples 16.141 and 16.151 For instance, if 
V = Kf p , then from Example EM M st (X) = L 2 p + L p • [P^- 1 ]. This seems to 
suggest that there exists a crepant resolution Y — > X such that the exceptional 
locus is isomorphic to A^, x F p_1 . 

In characteristic zero, the McKay correspondence is proved at the level of derived 
category [6] [9] [5] [19] ■ However, from [35], the skew group algebra fc[x] *G always has 
infinite global dimension in the wild case. Then, if there exists something like the 
derived wild McKay correspondence, then what would replace the derived category 
of k[x] * G- modules? 
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